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1 Dielectric Response of Quantum Electron Gas.

As we noted in class, the dielectric response of the electron gas that we have studied is rather a
simple limit. Here we would like to derive a more sophisticated approximation (but still an approxi-
mation) taking into account the nature of the quantum gas. We still consider the electron gas to be
free, i.e., there are no external potentials aside from those imposed by the external electromagnetic
fields.

Consider then a free electron gas in an external field that we take into account through an external
potential ¢ (r,t). If ng is the equilibrium density of the electrons, the external potential will lead to
a perturbation én in the density of the electron in response, so that the density is now n = ng+ don.
This will lead in turn to an internal potential ¢;(r,t) related to dn by Poisson’s equation

V2¢;(r,t) = —ién(r,t) . (1)

The total potential seen by the electrons is now ¢ = ¢ + ¢;.

In absence of the external field, the Hamiltonian of the system is given by

h2

Ho k) = —o

V2 k) = B(k) k) | (2)
and the equilibrium state of the electron gas is described by the density operator pg:

po k) = fo(k)[k) 3)

where fo(k) is the equilibrium Fermi distribution. Here |k) ~ T,

1.1 Heisenberg’s Equation of Motion.

We now think of the external time-dependent potential as a perturbation on this Hamiltonian,
i.e., H= Hy+V, where V = —e¢(r,t), which in turn will lead to a change in density p = pg + dp.
Using Heisenberg’s equation of motion show that

9(0p)

ih (K| =5 = 1k) = (E(K) = E(k)) (K'|6p[k) — (fo(k') = fo(k)) {K[V]k) . (4)

The Heisenberg equation of motion for the time dependent operator A is given by

d i 0A 1 0A

—A(t) = - |H, A(t e =—[A(t),H — 5

G40 = iAo+ (50) = ganm+(G) 6
where H is the Hamiltonian. However, since there is no parametric time dependence in the density
operator p, we use the quantum Liouville equation’:

% lH.p) (6)

! Also known as the von Neumann equation. Schwabl, Statistical Mechanics, equation 1.4.8.
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Let us take the partial derivative of the operator p:

Op _ 9po , 9(dp) 1,9(dp) / 119p0
. 0129 ey = 11 %2 ey — (1 2201y 7)
If we use Equation 6, we now see
/ ( ) / 1 /
02 i) = - (T, k) — - ([, po] ) (5)

note we have written the time derivative of the unperturbed density operator as the commutator of
this with the unperturbed Hamiltonian. Since the unperturbed density does depend on the potential
(is not changing with time) its time dependence would be totally due to the time dependence of the
unperturbed Hamiltonian (spoiler: there is none). It is also evident that because the unperturbed
Hamiltonian Hy and the unperturbed density operator py share common eigenfunctions, we have
that

[Ho, po] =0, 9)

using this, and the fact that neither operator is explicitly time-dependent, from Heisenberg’s equa-
tion of motion, we see

dpo
WZO? (10)
thus
in 0\ 292 1y = 11, e (1)

Let us now consider the commutator of the perturbed Hamiltonian and the perturbed density:
[H, p] = [Ho +V, po + dp] = [Ho, po] + [Ho, 5p] + [V po] + [V 0p] , (12)

note the first commutator, we have shown, is zero. Additionally, we may neglect the last commu-
tator, because it is second-order in the perturbation: V is the time-dependent perturbation to the
Hamiltonian, and §p is the resultant perturbation to the density function. Taking the bra- and ket-
with k’ and k, respectively, yields

(K'|[H, p]|k) = (K'|[Ho, dp] k) + (K'|[V, po] k) (13)
= (kK'|Hodplk) — (K'|0pHo|k) + (K'|V polk) — (kK'|poV k) (14)
= (E(K') — E(k)) (K'|[oplk) + (fo(k) — fo(k')) (K'[V]k) (15)

(BE(k (16)

(
= (E(K) — E(k)) (K|[0pk) — (fo(k') — fo(k)) (K'|V]k) ,
and, using Equation 11 we obtain the result

8o

ih <k’|atp)lk> = (E(K') — E(k)) (K'|oplk) — (fo(k') — fo(k)) (K'[V]k) . (17)

1.2 Dielectric Constant - The Lindhard Formula.
The quantity (k/'|V|k) can be defined as the Fourier transform of the perturbing potential V'(r, )

K|V k) = % / (d3r)e TRy (1 4) = Vi (8))V (18)

where @ = k/ — k and V is the volume. We assume the time dependence of Vi(r,t) is given by
~ e~ Wt The last exponential factor involving v > 0 is an artifice to adiabatically turn on the
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external perturbation from t = —oo to t = 0; later, we will take the limit as v — 0. Assuming that
the time dependence of all the other potentials and the response dp is of the same form, and noting
that

on(r,t) =Y € Ipqg(t) (19)

q

where

Spq(t) =D {a+k|op(t)k) (20)

k

show that the dielectric constant (really the relative permittivity), defined as the ratio ¢./¢ is given
by the Lindhard formula

:1—1 .
e(a,w) a0 k+q (k) ~hw — iy

y—0 Vegq

We are interested in determining the ratio

- 22)

¢ ¢

where the potential energy is given by V = —e¢. The internal potential ¢; satisfies the Poisson
equation given in Equation 1, and has a discrete Fourier transform

r) =Y e9(a) . (23)

We may write the potential energy, given above, in q space:

1 e
o~V 29

after Fourier transforming. If we insert the internal potential using the definition given by the
Fourier transform into Equation 1, we obtain the relation

Vi 2 eToa) = o on(r 1), (25)
we may carry out the derivative over r, and insert Equations 19 and 20, to yield
- Z\qP e (q) = —fz "”Z {a+k[op(t)[k) . (26)
Using this result, we have an expression for the internal potential in q space:

i) = —— 3 (a+klop(t)k) . (27)
colql* 4

Given the time dependence of the response dp is exponential (~ e~ e, we may write

-t ol 202 ey = G+ (i +7)0plK) = (ico + ) (ke + i) (29)
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Using the identity given in Equation 4 to rewrite the left-hand side, and with a bit of rearranging,
we find

(folk +a) = fo(k)) (k + q|V[k) = (E(k + q) — E(k)) (k + q|dp[k) — ih(—iw +7) (k + q|dp[k) (29)

folk+aq) — fo(k) B
Bkt q) — B — hw — iy & T alVIk =k +aloplk) (30)

Let us insert Equation 30 into Equation 27, and combine with Equation 24 to rewrite Equation 22
as

Pe _ ﬁk+q)fdm (k + q|V k)
3 60|q|2 Z (k+q) — BE(k) — hw — ihy Va ’ (31)

using Equation 18, we see the final factor is the inverse volume. Finally, we take the limit as v — 0,
to obtain the Lindhard formula for the dielectric constant (relative permittivity):

Jo(k +q) — fo(k)

—1+1i . 2
«(a,) +#%mvmp§: E(k+q) — E(K) — hw — ihy (32)
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2 Rectangular Waveguide.

Find the nature of the TE and TM waves that can propagate in a rectangular waveguide with
perfectly conducting walls and sides a and b. Determine the corresponding dispersion relations and
the field configurations, i.e., the dependence of the field components on the coordinates.

The longitudinal component of the field inside the waveguide is given by ve®** where ¢ is E, for
TM waves and H, for TE waves. This scalar function satisfies
0? 0?
v2 AN A 2 =0 33
where 7 = pew?® — k. If we assume a separable solution ¢ = X ()Y (y), and define v* = k2 + k2,
we obtain the two equations

82;;2“3) = —k2X(z) (34)
T v, (39)
which has solutions
X(z) = Ay cos (kzx) + By sin (k) (36)
Y(y) = Ay cos (kyy) + Bysin (kyy) , (37)

where the constants A;, B; are determined by the appropriate boundary conditions for each sup-
ported mode.

2.1 Transverse Electric (TE) Mode.
The boundary conditions for a TE mode are

o

S

where n is the normal direction to the surface S. For a rectangular waveguide of side lengths a and
b, we have the following conditions:

_%
- Oz

o

oo O

_W
-5

o

0 - 7
y=0 Oy

(39)

y=b

r=a

For a TE wave 1 corresponds to the magnetic field in the axial direction, the derivatives of which
are given by

X'(x) = —Agky sin (kyx) + Bk, cos (kyx) (40)
Y'(y) = —Aykysin (kyy) + Byk, cos (kyy) . (41)

We now impose the boundary conditions:

X'(0) =0 = —Azk,sin (0) + Bykycos (0) = B,=0 (42)
Y'(0) =0 = —Aykysin (0) + Bykycos(0) = B, =0 (43)
X'(a) = 0= —Agkysin (kya) + Bykg cos (kga) = kpa = ngm (44)
Y'(b) = 0 = —Aykysin (kyb) + Byky cos (kyb) =  Byb=nym, (45)
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where {n;,n,} € Z, but because cos(z) = cos(—x), we may restrict these parameters to {n,ny,} €
N. Using this, we see the axial magnetic field is

H,(x,y,z;t) = Hpcos <Maz) cos <%y) gika—iwt (46)
a
with
2 2
2 _ 2Nz My
Using Jackson equation 8.38, we may define a cutoff frequency
2 2
_ T ng ny
nzny—ﬁ ﬁ—i—bfz. (48)
Let us note the rectangular waveguide cannot support a n, = n, = 0 mode because there will be
no wave. If we assume a > b, the lowest cutoff frequency (corresponding to the dominant mode) is
given by
= — (49)
wig = .
0=~ e
The dispersion relation for TE waves can be determined by Jackson equation 8.37:

n2
k%zny = pew?® — 72 a—g + b—g , (50)

which now replaces k in Equation 46. Using the expression for the transverse components of the
magnetic field (Jackson equation 8.33), we see

k 0 0
H, =+ ’ gzny 3 <§< + y> Hj cos (Mm) cos (My>
2 (T% + %) oz~ Oy a b
a
= FHy s 3 ( sin (nzﬂx> cos (My> %+ W cos (nz—ﬂx) sin (My> y) (52)
2 (% 4 Fy) a a b b a b

(not including the implicit carrier wave expl[iky,,,, 2 —iwt]) with Jackson equation 8.31 the transverse
components of the electric field can be found:

(51)

2 x By =2 x (B, X+ E9) = .9 — E,X (53)
SO
B, = $2(3 - Hy) = Ho— " cos (00 ) sin (M) (54)
b (%5 + b%’) a b
Ey _ j:Z(f( . Ht) — 1, LUWT

. (n;tﬂ' ) (nyﬂ' )
sin x)cos|—vy) ,
n2 n2
Ta (ﬁ + b%) a b

where Zy,,pn, = pw/kn,n,, again not including the implicit carrier wave exp[iky,n, 2 — iwt].
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2.2 Transverse Magnetic (TM) Mode.
The boundary conditions for a TM mode are
w}s =0, (56)

where n is the normal direction to the surface S. For a rectangular waveguide of side lengths a and
b, we have the following conditions:

0= 7/](07y) = w(avy) = w('fcﬂ 0) = w(% b) ) (57)

from which Equations 36 and 37 yield

X(0)=0=Azcos(0)+ Bysin(0) = A;,=0 (58)
Y(0)=0= A,cos (0) + Bysin(0) = A,=0 (59)
X(a) =0= Bysin(kgza) = kga=n,w (60)
Y(b) =0= Bysin(kyb) = Byb=nym, (61)
where {n,,n,} € Z. Using this, we see the axial magnetic field is
. — o M o Ty ikz—iwt
E.(x,y,z;t) = Epsin ( " x) sin ( b y> , (62)
with )
2
2 _ 2Ny Ty
Using Jackson equation 8.38, we may define a cutoff frequency
2 p2
Wnymy = ——=\[ = + . (64)

VEE\ a? b2

Let us note the rectangular waveguide cannot support a n, = n, = 0 mode because there will be
no wave. If we assume a > b, the lowest cutoff frequency is given by

7r
= ) 65
w0 = (65)
The dispersion relation for TM waves can be determined by Jackson equation 8.37:
2 2
n n
ki, = Hew? —° (a2 + bg) : (66)

which now replaces k in Equation 62. Using the expression for the transverse components of the
electric field (Jackson equation 8.33), we see

E; = iw <8(15< + (,;157) Epsin (%x) sin (%Tﬂy) (67)

k'n . - " . R x e
ot (o (55 ()5 i () ()5 0
T2 (ﬁ + 7;;/) a a b b a b

a2
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(not including the implicit carrier wave expl[iky,,n, 2z —iwt]) with Jackson equation 8.31 the transverse
components of the magnetic field can be found:

. . 1. 1. . . 1 . -
H, = H,x+ Hyy = 2% E; = 72 (Exx+ Eyy) = Z(Exy - Eyx) , (69)
S
) [,uer — 2 ng + ﬁ)} n
2 y
H, = Ej : ’ sin ( :c) cos (nibﬂy) (70)

where Z,,n, = kn,n,/€w, again not including the implicit carrier wave expliky,,n,z — iwt].
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3 Circular Waveguide.

Repeat the problem above for a cylindrical waveguide of circular cross-section of radius a.

The longitudinal component of the electric or magnetic field (for TM and TE modes, respectively)
is given by Jackson equation 8.34, in cylindrical coordinates:

10 ( 0 1 02 9
2= -2 =0 72
(pﬁp <p3p>+p23¢2+7>¢ ’ ()
where the longitudinal component is 1e*™? with v2 = pew? — k2. If we assume a separable solution
of the form ¥ (p, ) = R(p)O(¢), the equation above becomes

1 (dR  d’R 1d*e
B el - =0 73
after dividing by R(p)O(¢$) and multiplying through by p?. We have now separated the equation
into terms of only one coordinate, which implies

d?e
fo=_"= 4
€) F¥e (74)
dR  d’R
2p _ art @ 2 2
lR—p(dp+pdp2>+’pr, (75)

where [? is some constant. The first of the above equations has harmonic solutions
©(¢) = Acos(lp) + Beos(lp) . (76)
The second can be rearranged to Bessel’s equation:

d?R  dR
0=p>—= + p— 202 — PR 77
pdp2+pdp+(7p R, (77)
which has solutions
R(p) ~ Ji(vp) , (78)

where we have ignored the Bessel functions of the second kind because they diverge at the origin.
Therefore the longitudinal waves have the form

b, 9) = Ji(vp) (Asin(ig) + Beos(19)) . (79)

We can immediately constrain the constant [ for both TE and TM waves, by noting the behavior
of ©(¢) is qualitatively the same as ©'(¢). Consider the function

f(z) = Cysin(lz) + Cacos(lz) (80)
which must obey periodicity:
f(x) = f(z +27) = Cysin(lz + 27l) + Co cos(lx + 27l) . (81)

For this to be satisfied, it must be that [ is an integer, this corresponds to our angular solution:
there can be no discontinuities in the field as we traverse around the axis of the circular waveguide,
i.e., the field at (p, ¢, z) must equal the field at (p, ¢+ 27, z), which corresponds to the same physical
location inside the waveguide.
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3.1 Transverse Electric (TE) Mode.

The transverse electric mode has E, = 0, and the axial magnetic field is
H. = Ji(vp) (Asin(lp) + B cos(lg)) e . (82)

The boundary condition for 1 = H,e ** in a TE mode in a circular waveguide of radius a is

ap p—a
which gives us the condition?
0 X
—Jdi(w)| =0 = ya=xy = =1 (84)
dp p—a a

where x/, is the nth zero of the first derivative of the Ith Bessel function of the first kind, see the
table Jackson, page 370. The dispersion relation is given by Jackson equation 8.37:

K = ueM : (85)

Using Jackson equation 8.33 we can write the transverse components of the magnetic field as

H; = izk;:j <(A sin(l¢) + Bcos(ld))) ap (X;l p)p + Jl(} P 0 90 (Asin(lg) + Bcos(l¢)) (2))
Jackson equation 8.31 gives the relation
+ Z(Hpp + Hod) = By — Egp (86)
s0
E,=+Z(¢ H;) = MME (Asin(l¢) + B cos(l¢)) (87)
Xm P 09
2
By = F2(p ) = ~ 5 (Asin(19) + Beos19)) 5~ i(Xp). (38)

nl

after using Z = pw/k,;. We can examine the behavior of the fields by investigating the case of
azimuthal symmetry (I = 0), which has an axial magnetic field given by

H, = HoJy (yp) €% . (89)
This satisfies the boundary condition

=y hi(ya) = e =L (90)

0
0= %Jo(VP) - .

2An equivalent condition be seen by carrying out the explicit derivative of the Bessel function:

0
0= ——Ji(vp)

o = 5Uim160) = (7))

p=a
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where X0 is the nth zero of the zero order Bessel function of the first kind. The dispersion relation
is given by k2, = pew? — (xn1/a)?, so the axial magnetic field of this mode is then

H. = HyJy (X”l p) etz (91)
The transverse magnetic field is
anla 0 Xnl |~ tknoa Xnl |~
H; =+ —Jo p)p=F JiI(==p)p , 92
(= () = A () (52
and the transverse electric field is
: 2
ipwa® 0 . Xnl .4 wa - Xnl | 4
E, =+ ¢o== J1 o . 93
= g e = £ () (93)

3.2 Transverse Magnetic (TM) Mode.

The transverse magnetic mode has H, = 0, and the axial electric field is

E. = Ji(vp) (Asin(I) + Bos(lg)) e , (94)

with [ € Z. These modes must satisfy the boundary conditions ¢(p = a,¢) = 0, which for this

functional form implies
Ji(ya) =0 = ~ya=xn, (95)

where ,; is the nth zero of the Ith Bessel function of the first kind. Using the definition of ~?
given earlier (see Jackson equation 8.35) we see the dispersion relation is

k2, = pew? — % , (96)

where now the wave number takes a different value for each mode {n,[} for a given frequency w.
We can define a cutoff frequency using Jackson equation 8.38:

_ Xnl
Wnl = a\/ﬁ (97)

The dispersion relation for TM waves can be determined by Jackson equation 8.37:

2 2> Xai
ky, = pew” — a—g , (98)
which now replaces k in Equation 94. Using the expression for the transverse components of the
electric field (Jackson equation 8.33), we see

= iknl 2“ 10, Xnl in
B = j:xnl/a (8pp+ 8<;5 ) J( p) (Asin(l¢) + B cos(l¢)) (99)

(not including the implicit carrier wave explik,,n,z — iwt]). Using Jackson equation 8.31 the
transverse components of the magnetic field can be found:

H; = izj’z:l ((A sin(l¢) + B cos(l¢)) 7J1(an PP+ Jl(?p) ¢ (Asin(ig) + 5 cos(ig)) (z))
2 L (Xt
— izTT;Z <(Asin(z¢>) + Bcos(19)) a*sz(%p)zb - l(p“p)ai) (Asin(lg) + Bcos(lg)) p ) :
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In order to solve these to demonstrate the fields’ behaviors, we will examine the case of azimuthal
symmetry (I = 0), which has the z component of the electric field given by

E. = EoJo(X0 p)etknoz (100)
a
with k2, = pew? — (xno/a)?. The transverse components for these modes are

i [pew? — (xno/a)?] a 0 (XnO

E;, = +F iy NECCUAY 101
t 0 X0 8/) 0 a Io)pa ( )
SO
. 2 2
1 |UEW™ — (XnO CL) a Xn nl . n
g, = 75, Cona/a)7] @ X005, X000y i [e? — (xaofa?] 11200, (102)
Xn0 a a a
and 5
110 3/2 Xno
Hy=F— [pew® — (xno/a)?] / J1(7p), (103)

not including the implicit carrier wave expliky,n,z — iwt].
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4 Transverse Electromagnetic (TEM) Modes in Coaxial Waveg-
uide.

Repeat the problem above for a TEM mode in a coaxial waveguide with inner radius a and outer
radius b.

The axial components of both the electric and magnetic fields in a TEM mode are zero, so
Ertem =E; + E,z2 = E; Hrepv=H,+ H.z=H, (104)

we can substitute these into the Maxwell equations written in terms of transverse and axial
components, given by Jackson equations 8.23-8.25. Given that the axial components are zero:
E, = H, =0, and using the equation above, these equations reduce to

E
0 8TZEM tipwz x Hrpyy =0 2+ (Ve x Erpy) =0 (105)

H
88TZEM —iwez xErpn =0 2+ (Ve x Hrpy) = 0 (106)
V. Emgu=0 V- Hpgy=0. (107)

Using the right-hand expressions in Equations 105 and 106, we see that
Vt X ETEM =0 Vt X HTEM =0 s (108)

noting that taking the transverse curl (no z component) of a transverse field (no z component) must
be entirely in the z direction: (Vi xFrgry) || Z (where F is a generic field, i.e., electric or magnetic)
and if the dot product of the resulting vector with the z unit vector is zero, then the transverse
curl must be zero. The electric field satisfies Equation 108, so we may define the electric field to
be the gradient of a scalar field: E; = —V1. Since the electric field also satisfies Equation 107, it
must be that v satisfies Laplace’s equation

Vip=0. (109)
Furthermore, we can take the transverse curl of Equation 108 and write
Vix Vi xE;=Vy(V;-E) - V?E; = V’E; =0, (110)

due to Equation 107, so the electric field also satisfies Laplace’s equation. Additionally, from the
wave equation, we may assume a harmonic form of the field

E(x,t) = Eo(x, y)e*t (111)
which allows the Helmholtz wave equation (Jackson equation 8.17) to be written
[V? + (pew? — k%) Eg =0 . (112)

For this and Equation 109 to be simultaneously satisfied, the constant term in the Helmholtz wave
equation must be zero, and we obtain the dispersion relation

k= wy/pe (113)

which is the infinite-medium value. We are considering a coaxial geometry, where the only media
are perfect conductors or vacuum, so the dispersion relation in the transmission region is simply
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k = w./moeg = w/c. We will assume a separable form for the electric field ¢ (p, ¢) = R(p)O(¢), so

Laplace’s equation becomes

(1o 0 1 02 B 10 ([ 0R(p) 1 0%0(¢)
0= (5o (#5) * e vio 0 =000 (5757 ) + Rz T
Multiplying through by p? and dividing by R(p)©(¢) yields the expression
LE aR(ﬁ)) _ 1 82®(¢) 115
ra (P ar) = @ s (H9)

which we can set equal to a constant 2 and obtain the separated ODEs:

OR(p) 82R( )
o (S + 0T ) = eri (116)
’0(9)
952 —1°0(9) . (117)
The second of which has harmonic solutions:
O©(¢) = Acos(fp) + Bsin(Lg) , (118)

where if we enforce periodicity: ©(¢) = O(¢ + 27), we constain ¢ to be an integer, as shown in
Problem 3. Moving all of the terms from the radial ODE to one side yields the equation

p’R"+pR —PR=0, (119)

where the primes denote derivatives with respect to p. This is the Euler equation® and has solutions

of the form
R(p) = Cp"+Dp™*, (120)

except in the special case [ = 0, which has solutions
Ry(p) =Co+ Dolnp . (121)

Imagine we hold the inner conductor at a constant potential Vj and hold the outer conductor at
ground. To ensure the potential is continuous, we enforce

Vo=R(a)  Vh=Rola) (122)
0=R(b) 0=Ro(b), (123)

for any ¢. Let us only consider the lowest mode [ = 0 (which implies azimuthal symmetry), yielding
the boundary conditions

Vo=Co+ Dolna (124)
0=Co+ Dglnb . (125)
From the second, we see Cy = — Dy In b, which makes the first
\% Volnb
Vo=Do(lna—Inb) = Dy=-—1r so Co=—r. (126)
In (%) In (%)

3Polyanin, “Second-Order Euler Equation”. EqWorld, http://eqworld.ipmnet.ru/en/solutions/ode/ode0212.pdf.
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For the ¢ = 0 TEM mode, the scalar potential is

dolp) = hlv((’b) (log p — logh) = Vom , (127)

and thus, the transverse electric field is given by

Vo d
E :—V :—7710 b/\:fi
TEM Yo(p) log(a/b) dp g(p/b)p
we now see that V is proportional to the electric field strength and a geometric factor. Since
the wave propagates along the z direction and the electric field only has a radial component, the
magnetic field must only have an azimuthal component. More specifically, Jackson equation 8.28
tells us the transverse magnetic field is

eo W 1,
H = —_—— 12
TEM :F”,U«O log(a/b)pd)’ (129)

both fields include the implicit carrier wave.

P (128)
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5 Lumped Element Model.

In class, we have discussed the case of a two-wire transmission line with an inductance and capac-
itance per unit length. Here we would like to consider another example, that of a resistive wire of
length L above a ground plane of negligible resistance. In many circuits, one has devices, modeled
here by the wire, whose properties can be modified by applying a voltage to a gate, modeled here by
the ground plane the idea being to switch the characteristics as fast a possible (think of switching
a transistor on and off). Hence the impedance of the structure is important. The ground plane
is separated from the wire by a dielectric, but it is a leaky dielectric, so that there is a finite but
small conductance between the ground plane and wire.

Ground plane

V(z) { cAz + %gﬂcr} V(z+ Azx)
I(z) — Ao I(z + Az)

wire

Figure 1: A section of the structure in problem #5.

Using the lumped element model, calculate the admittance Y of structure, if a potential V is ap-
plied to the ground plane, and the resulting current I that emanates from one end of the wire is
measured (i.e., Y = I/V), in terms of C, R, and G. To do this develop a differential equation for
either the current of the voltage as a function of position = along the wire, using the capacitance,
conductance, and resistance per unit length ¢ = C/L,r = R/L, and g = G/L), as shown in Figure 1.

The current across a resistor of resistance R is I = V/R, while the current across a resistor of
conductance G is I = GV. The current across a capacitor of capacitance C is given by
oQ oV
I=—=C—. 130
ot ot (130)
To evaluate the circuit shown in Figure 1, it helps to consider the equivalent circuit pictured in
Figure 2.

:
C

A rax B C

Figure 2: Equivalent circiut to the lumped element model of the transmission line. The voltage at
node A is V(x) and the current is I(x). At node B (the same node as C) the voltage is V(x + Ax)
and the current is I(z + Ax).
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Let us apply Kirchhoff’s current law to the node B: the current coming into the node is I(z) and
splits into the three branches:

OV (z + Ax)

I(x) — (cAx) 5t

—(gAx)V(x + Az) — I(zx+ Az) =0. (131)

The voltage measured at node B is simply the sum of the voltage at node A and the voltage drop
across the resistor:
V(z) — (rAx)I(z) = V(z+ Ax) =0. (132)

To find differential equations, we can use the definition of the derivative*. First, divide both
equations by Ax:

I(x) — I(x + Ax) oV (z + Ax)

0= AL —c 5t —gV(x + Ax) (133)
0= V@)= fo AT () (134)

taking the limit Az — 0, and moving the differentials to the other side yields

o oV(x)
w e T gV (z) (135)
({;—Z =—rl(x) . (136)

If we take the time spatial derivative of the second equation,

o0*V oI (x)
- _ 1
0z2 "Tor (137)

and insert the first equation, we obtain the single partial differential equation for the voltage:

0?V oV (x)
52 = o +grV(z) . (138)

If we assume we apply an AC current of frequency w to the transmission line, the voltage will

oscillate sinusoidally in time (~ e*™!). Now carrying out the time derivative yields the ODE
(225; = (g tiwe)rV(z) = (G + iwC’)%V(m) ) (139)
which has solutions of the form
V(x) = Véﬂ exp {( (lwC £ G)R%)} +v exp {— ( (lwC + G)R%)} . (140)

Using Equation 136, the current at a point x along the line is

I(z) = % (iwC £ G)R% [VO(JF) exp {( (iwC £ G)R%)} — V{7 exp {— ( (lwC + G)RE) H

I(z) = \/@ [VO(JF) exp {( (lwC + G)R%)} B VA exp {— ( (iwC + G)R%) H

4The definition of a derivative is % = limag—,

o Latha)=f()
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We can now find the admittance Y = I/V by taking the ratio of the expression above and Equa-
tion 140:

: () ox iw )Ly exp { - iw £
Y_\/@V(ﬁ p{(VwCEARE) | -V exp{~ (VwCEGRE) | .

V. exp { ( (@wC + G)R%) } + Vi exp {— ( (iwC =GR )}
_ ,/%mh{m%} . (142)

We can define the characteristic addmitance Yy = I(()+) / %H) = —I(g_) / VO(_), which is given by

wC + G
Y=/ —— . 14
o=\ —p (143)

8
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