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1 Fields of Moving Point Charge.

Starting from the relations between derivatives derived in class:

0 r 0

= =7 1

ot s ot ()
r O

Ve =Vi- o0 2)

show that the fields of a moving point charge are given by

4dmeg 1 ru u? 1 ru .

- Ezsg(rC)(1§)+6283{rx[(rc)xu}} (3)
Amegc? uxr u? 1 r ru .

e B= s3 (1—02>+6283T><{r><[(r—C)xu}}. )

First let us define a coordinate (and notation) system, let R be the position of an observation
point relative to the origin and R’ the position of the charge. The position of the charge relative
to the observation point is then r = R — R’ (note un-bolded versions of these symbols correspond
to their magnitudes). The present time is ¢ and the retarded time is ¢, related to the separation

by r = ¢(t — t'). The velocity of the particle is u = (gt{,/ = —%. The scalar and vector potentials
due to a moving point charge are
1 e
t) = - 5
Mo ue
A(r,t) = ——, 6
(rt) = L2 (6)
where s is defined to be
r-u
s=r— , (7)
c

where u is the velocity of the point charge. Thus the observed electric field is given by E =
—VEg8o — %—‘? (where Vi denotes derivatives with respect to the observation coordinates). The
gradient of the scalar potential is given by

e 1 e 1

~ VRO =  dreg VRE T dre ?VRS ’ ®)

using properties of derivatives. Applying the given derivative relation, and defining Vi = V|,

we obtain ) d
e r ds
TVRO= a2 <V18 - dt) ! )
where
r-u
Vls = VRS‘t/ = VRT — VR (10)
t/ %

Consider the gradient Vz|R — R/| of which we inspect the component in the direction of x;:

0 1 0z R-R r
R—Rl .= 7A,L' N = -9 R 7]Ai: — — 11
(Val ): Zj:amie (@i =) 22 ) e T mowy o WY

j Ij—l‘j
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which gives the frist term in Equation 10. The second term can be found by examining

r-u 0 “ (Rz — RI»)UZ‘ 0 ~ Riui R‘ui 0 “ Riui
v - s (MW Y o _thtmy Y 4 12
e Ox;j € ( c Ox;j AN c Ox; © (12)
U; . u
= ?ejéij = z y (13)
and thus the gradient of the scalar potential is
e 1 (r u r ds
—Vgpop=— - == ——— 14
R9 dreg $2 <r v Cly scdt (14)
The retarded time derivative of s is given by
d r-u dr 14d dr 1 (dr du dr 1
e Y L - T reu) = — 21 Al U SR 1 15
a (T c ) @ carTW T a e {dt’ urr dt’} Qo lmwutrea), (19)
and the retarded time derivative of r is
dr d d T; — T ox! R - R OR/ r
— — _|R—-R/| = — Ay el e S e I i T 16
e~ dv = V) (z; — a)? ( a#) R - R/| o u. (16)
Collecting the results, the scalar potential in Equation 14 can be written
e 1 (r u r r 1
—V pd = (2 =2 2 .u=Z{—u- o 17
R 4rreg 2 (Tt/ cly sc[ P c{ wour u}}) (17)
4me 1 /r u r r-u v r-u
g L) gt
e s?\r ¢ s3¢ r c
The time derivative vector potential is given by
oA e 8<u>_ e r8<u)_ e r[ldu u0s (19)
ot Amegc2 0t \s/)  dmepc? sOt' \s/)  dmepc? s |sot! s Ot
Using the results from Equations 15 and 16, this becomes
4meg OA r [ u r-u u? r-u
— udulaL S P - = 20
e Ot sc? [s 52< P c )} (20)
ra ra r-u v r-u
_ _ Z 21
Tt ma(Fm s -0 1)
and so the electric field is given by
4req 4meg 4meg OA
E=- Viod— — 22
e e RY ot (22)
_1<r u)+ r ([r-u u2+r-1'1 1"1'1+ru 1f-u+u2 r-u (23)
2 \r ¢ sdc| r c c s2c2  s3c? r c c
We may multiply both sides by s% to obtain
34meg r u rfr-u «? r-u ra ru r-u u r-u
RELIYE NN I LR 1) Y (ST B
e r c c| r c c c c r c c
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the terms with s remaining are

() ) () ) (1) e T

and
ra _ ra r-uy  r*fa r(r-uu
cral-T) =" (25)
The expression for (s347eq/e)E is now
r(f-u) ru r(E-uwu  rr-u ru® rr-u
e e e e ——
c c c cr cc ¢ c
r?a0  r(r-u)a  rur-u  ruw? rur-u
"EtTe ey tac e W

and we will count the terms starting from the left most, indexing from one. Note that terms 2 and
5 cancel, as well as 4 and 10:

ra ru? rr-u r’u r(r-uw)u ruv?  rur-u (27)
I‘_i_fi — _—— S — S —
c cc ¢ c 2 3 2c & ¢’
collecting terms gives

2 2 . 2- . .

u ru u rr-a r*u  r(r-u)u  rur-u
ril-=)-—\1-=% )+ _T"F%_T (28)

c ¢ c c c c c 2 ¢

( ru) (1 - u2> Lrrw)  (@enja  r(ewd rur-d) (29)

we can identify the vector triple product rule a x (b x ¢) = b(a-c) — c(a-b) in the four last terms:

r(r-u) (r-rjo_ 1

=2 2 = X (r x ) (30)
r(c-u)a  ru(r-a) r . r .
33 :C—grx(uxu):—grx(uxu). (31)

Combining these results yields

4 2 1
53 7TeOE:(r—E) 1- L +—rx[(r—g)xﬁ} , (32)
e c c2 c2 c

which is equivalent to Equation 3.

The magnetic field is given by

1 1
B=VixA="0vp,x¥= ° vox%= % (‘Vpxu-uxVe|. (33
4 s 4megc? s 4mepc? \ s s

Using the definition of V g from above, the vector component from above become

1 r 0 1 r OJs
- |Vi——— | x x| 5Vis— —— 34
s < ! sc@t’) utu <32 18 330(%’) (34)
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1 1 1 . 1 1
-Vixu— —rxu+ux (r—E>+L U ra Sl , (35)
s s2c s2r c s3c r c c
upon further expansion, we obtain
1V « 1 ( r-u) ><__i_u><r u><u+ r-uuxr .uxr ouXT
- u— — [(r——)rxu — r-u —
s ! s3¢ c s2r s2c r s §3¢2 §3¢2
1 rexu) r-u . uxr r-u r-uuxr uxr ouXr
SVixu- s3¢ —532(r><u)+ s3 <1_ rc) r  s3c r~u83c2 53¢2
r(rxua) r-u,, uxr u? uxr
-Vixu-— = 8302(u>< )+ 3 <1—02>—|—r U35
Collecting terms yields
1 uxr u? 1 9 r-u . .ruxr
7V1><u—|— 3 <1_02>_s3cr[(r —r— )(rxu)—r-u . ] (36)
2 .
X 1 .
7V1><u+u r(l—u2>—3[(rxﬂ){r-(r—m)}—i—rxurr u} (37)
§3 c s3er c c
2
X 1
,leu+u r(l—UQ) — T X [ﬁ{r-<r—g)}+<ur)r u} , (38)
c s3er c c

due to the fact r x r = 0 we can insert a term proportional to r into the square brackets without
consequence:

2
ot T (1) - e fae (- ) (- M ea] L
S S (& s°cr C Cc

applying the same vector identity as used in the derivation of the electric field, we see this is

equivalent to
1 2 1
V1><u—|—u>;r<1—u2> Trx[rx{<r—E>XﬁH . (40)
s s c sser c

The first term can be expressed as

or 1 0
*Vl Xu= —*Vl 8t’ = 8t/ (Vl X I‘) = O (41)

noting that V1 x r = 0. Using this, we obtain our result

e uxr u? lr ru
s () Ak (e ).
47T€0€2< 3 ( c2> sSer AT ) (42)

or equivalently,
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2 Point Charge with Constant Velocity.

A particle of charge ¢ is traveling at a constant velocity u along the x axis.

2.1 Poynting Vector.

Show that the magnetic field B due to a moving particle can be written in terms of the electric
field E due to the particle as

1

and use this result to calculate the Poynting vector S entriely in terms of E.

Using Equation 3 for constant velocity 1 = 0, the electric field of a point charge moving at a

constant velocity is
2

qg 1 ru U
E:77< —7> -2, 45
Arey 8\ ¢ ( 02) (45)

and similarly by Equation 4, the magnetic field is

B- 1 m(l—“2> : (46)

 Aweg® s3 c?

note that u = ux. Now consider taking the vector product of u with the electric field:

1
B = c—2u xE. (48)
The Poynting vector is then
B 1
S=Ex —=—FSExuxE, (49)
Ko HoC
using the identity for the vector triple product gives
1 1 9
S:m(u(E-E)—E(Exu)):m(uE —E(E u)) . (50)
Observation
point
Retarded
ositi
p on Y P )
- ¢ > 1
ur Present
position

Figure 1: Depiction of geometry for problem #2.
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2.2 Direction of Observed Electric Field.

The electric field in part 2.1 involves the factor s = r — (r - u)/c, where r is the retarded position
of the charge with respect to the observation point. Referring to Figure 1, show that s can be
expressed in terms of the “present” position” of the charge rg, i.e., the position of the particle at
the instant when the information collection sphere converges on the observation point as

V1 “ n? (51)
s=r — —sin“ 6,

0 2

where 6 is the angle between u and rg. Show also that the E is directed along rg.

Let us define the angle between r and ry as . Applying the law of sines to this triangle, we see

sing_ sin(r — 0) = siny = 4 sin(m — 6) = Ysino, (52)
rlul/c T c c

Consider the right triangle formed with ry as the hypotenuse and s = r —r - u/c as one leg, it is

evident that
s =rpcosy) =rgy/1 —sin?y , (53)

which if we insert the result from the law of sines, we obtain

s=r 1—u—gsin29 (54)
01/ 2 :

Using simple vector addition, we see

r
—‘u= 55
- Cu=rg, (55)
and then using Equation 45, we see
qg 1 u?
E=——-(1—-— 56
dreq 83 < 02) o (56)

and so E || ry.

2.3 Total Power Through a Perpendicular Plane.
Using the result from section 2.2, calculate the total power passing through the plane at x = a, at

the instant when the particle is at the origin.

The power through the plane is given by

/S-fch, (57)
A

where A is the surface of the plane. Using the result of section 2.1, the Poynting vector is given by

—1u2— 'uzluzfc—u - X
S_MOCQ(E E(E - u)) uocQ(E E(E-x)) . (58)

The x component of the Poynting vector is given by

(uE? — u(E - %)?) = ,u0162 (4:60)2 (1 . “2>2 836 (r2 = (r0-%)?) . (59)

c2
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The charge is located at the origin, and we are observing from a plane x = a, we then have that
ro - X = rgcosf = a because ry will always terminate at a point on the x = a plane. Let us define
a polar coordinate system on the plane such that the origin is located at z = a,y = z = 0, with a
coordinate p as the distance from the origin. Since this geometry is cylindrically symmetric about
the particle’s velocity (z-axis) we may ignore the polar angle, because when we integrate over the
entire plane, we simply acquire a factor of 2w. Simple geometry tells us 7“8 = p? 4 a?, so that the
energy flux per unit time through the surface x = a is

1 q 2 w?\* u 9
Sx: /1062 <47T€0> (1_62> 576(p) ’ (60)

noting that the a® from the Pythagorean theorem cancels with the —a? from the projection of r
onto the x axis. Note that there is still dependence on p in s - from Equation 54 we have

2 2 U22 2 2 2 U22
s7 =10~ 3Tpsin 0=p"+a -2l (61)

noting that rgsin @ = p. Finally we have that the x component of the Poynting vector is

2 2\ 2 2
uq u p
SI:7162 22(1—2> 13 (62)
st A e (1))
C

and thus the power through the plane at z = a is

oS 2 2\ 2 foo 3
Pz/ Sy(2mpdp) = % (1 - I;) / - 340 (63)
0 THOED 0 [a2+p2 ( _ %ﬂ
using ¢ = 1/pgeo, the coefficient simplifies to
2 2\ 2 poo 3
P=—L (1-% / P Sdp . (64)
8meq c2 0 9, 9 w2
(1= %))
Letting MATHEMATICA handle the integral, we obtain the result
2 2\ 2 2\ 2 2
1
po M (p L e ug? (65)
8meg c2 ) 4a? c2 32mega?
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3 Larmor Formula.

Using the equations derived in class for the radiation field of a moving charged particle, show that
the far-field power emitted by a charged electron in the limit u/c < 1 is given by the Larmor
formula 1 5
_ 7W — eu , (66)
dt 6megc?
where u is the velocity of the electron. Compare this with the time average of the far-field power
emitted by an oscillating dipole.

Using the electric field of a moving point charge given by Equation 3, and the result from Equa-
tion 43, we see the Poynting vector is given by

1 1 1r 1
S:EXB:EX<><E>: [E’r —E(E-1)] . (67)
o 1o cr pocr
Assuming the particle starts from rest, we have s = r and u = 0. Since we are interested in the far-
field solution, we can neglect terms of order 7~2 or more negative powers. With these constraints,

the electric field is

4mreq 1

—r
e 73

1 1
—_ XrXat~—— X T XU 68
o X xih o o frxe ) (69)

in the far field. We should note that the vector triple product is in the direction of r, so when we
take the scalar product indicated in the Poynting vector, we get zero. Therefore

1, 1 . e \? 1 o
S = E‘r=—F% = ———5[rxrxul’t, (69)
Locr HoC dmey ) poccr
if we factor out the magnitude of the separation vector, we obtain
2 2 .9
1 .12
s=(-= P28 x i xaf = (—) ——|gxixd| £ (70)
dmey ) pocdrS dmey ) pocdr?
If we use the fact that that © || (£ x 1), then
A2 )
‘f'xfxu — sin6, (71)

where 6 is the angle between the velocity and the separation. As such, the Poynting vector is

2.2.2
S:< e > 4 sin Gf" (72)

4d7eq ocOT?

The power radiated from the point charge is given by the integral of the power through a spherical

shell, of radius 7:
o T 2 22 52
sin” 0
P:/S-dAZTQ/ dqs/ sin0d9< ‘ ) SR TR (73)
0 0 47T€0 HoCT

after integrating over the azimuthal angle, we obtain
2 .9 7 2 .9 2.2
4
P=2r(-5 “ /sin39d9:27r c S (74)
ey ) poc® Jo dmey ) poc® 3 6mepc?
Since power is defined as work per unit time, we have
dw 2,2
e e (75)
dt 6megc?

which is precisely the field as the average far-field power emitted by an oscillating dipole.
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4 Linear Motion of Charged Particle.

Derive the expression for the electric and magnetic fields of a charged particle if the acceleration of
the particle is parallel to its velocity. Plot the angular dependence of the radiation flux intensity
(the Poynting vector), that is, contours of equal intensity on a polar plot (i.e., for r,6 in polar
coordinates) for various values of u/c.

Let us define the z axis to be along the direction of the particle’s motion, then u = uz and

i = 9% = 4z, and thus

(r—m)xu:rxu. (76)
c
Using this and the results of problem 1, the electric and magnetic fields are given by
4meq 1 ru u? 1 .
o E283<I‘—C><1—02>+6283{rx[rxu]} (77)
Amegc? uxr u? 1 r )
e B: 83 <1—62>+6283T><{I'X[I'Xu]} . (78)

In the radiation zone, we can ignore the first terms because they of order r—2, thus

4dmegy 1 .
e - @ {I‘ X [I‘ X u]} (79)
Amenc? 1 r i
. Bzczss;x{rx[rxu]} : (80)

Elementary vector analysis on the magnetic field gives

rx{rx[rxual}=r(r-{rxua})—{rxua}(r-r) (81)
=r(a-{rxr})—r*{rxua}=r{uxr}, (82)

and so the electric and magnetic fields of a point charge accelerating in its direction of travel are

E:m@{rx [r x u]} (83)
B-= 4;60% {axr} . (84)

The Poynting vector is then

2
S::OEXB::O<4;O> J?{rx[rxu}}x{uxr}, (85)
where

{rx[rxu]}x{axr}=—{axr}x{rx[rxual} (86)
=rxu{{uxr}-r}—r{{uxr} [rxual} (87)
=r|r xuf* = r(r?u®sin?0) = (02 sin® O)i (88)

where 6 is the angle between the observation point r and the z axis. Therefore the Poynting vector
is

1 €2 rt 2t (a2
S = Zsin? )t = ———— | — | sin®6f 89
oo 16m2eq cts6 (i sin” O)¢ 1672¢q 56 <c> St (89)
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and the flux of this vector through a differential solid angle d2 at radius r, the differential power,

1S
2 4 6

2 rt (0’ 9 9 A 9 dw
dP =S -da= mg <C> S1n 91’ T dQI‘ = k‘376 <c> Sin HdQ = —E . (90)
However, the derivative should be evaluated at the retarded time ¢, so using the fact that ‘é—tt/ =r/s,
we have

Ay T At At s

5 /.2\ 2
W __awde <“) sin? 6dQ . (91)
C

The distance s is defined as

r-u r-u u
s:r—:r<1—>:r(1—ccosﬁ>, (92)

C C

substituting this into the differential power yields expressions for contours of constant intensity:

i sin? 6

C = <C>2 Wdﬂ . (93)
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5 Energy of Proton from van de Graaff Accelerator.

A proton of charge ¢ is given a constant acceleration in a van de Graaff accelerator by a potential
difference of 700 kV. The acceleration region has a length of 3 m. Calculate the ratio of the energy
emitted by the proton to its final kinetic energy, and estimate the numerical value of this ratio.
Assume the proton starts from rest.

Using the result from problem 3, the total far field energy emitted by an accelerating electron over
a time ¢ is given by
wo W, @i,
dt 6megcd
Let us assume the acceleration of the proton is constant, which implies the velocity of the particle
at time t is simply u = 4t, and as such the length the proton traveled in time t is

1., ut
T = -ut® = — 95
5 5 (95)
and so the time it takes for a particle to cover a distance z (starting from rest) is ¢ = 2z /u. Inserting

this into Equation 99, we obtain

(94)

2, -2 2 2 2 2 2 2 3
W t 2

q°r U ¢x  (u/t) ¢z (u®/2x) q u’ (96)
3mege® u 3mege® 3meged u 12mweqz 3

which is the energy lost by the proton as it radiates. The proton starts from rest in a potential ¢,
and therefore has potential energy g¢. The energy of the proton when it has velocity u (which it
has after it travels for time t/distance x) is %mpu2. If we assume the energy lost to radiation is
small, we can conserve energy to find

1, 299
Smpu” = @ = u= m—p . (97)
The ratio of emitted energy to final kinetic energy is
W 2 3 2
T— -4 2 _ 7 1 (98)

1 2 2 (3 30
5MplU 6regrmpu® c 6meg xmyC

and if we insert our result for the final velocity of the proton, we obtain

I = ¢ 1 29 _ V207 V9 (99)
6meg xmpcd \| my 67reom§/203 x

We may evaluate the physics constants using SI units:

S3/2 . A1/2
kg1/2

V1/2

I =(5x10"%) [ ‘f — (100)

where now ¢ and x are dimensionless. The indicated units cancel exactly, and the ratio I is
dimensionless, as expected, with a value of

= (5x1072%)

£/ 1 5
% =139 x 1072 (101)

so our assumption that the energy lost to radiation is small was valid.
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