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Dylan J. Temples Quantum Field Theory I : Solution Set Two

1 Relativity exercises.

Do exercises a, e, and h in the handout by Professor Michael Dine at UC Santa Cruz on relativity
at http://scipp.ucsc.edu/ dine/ph217/217relativity.pdf.

A) For a Lorentz transformation along the z axis, determine the components of A. Note that
you can write this nicely by taking:

t' = cosh(w)t + sinh(w)z 2" = sinh(w)t — cosh(w)z . (1)

A Lorentz transformation along the z axis leaves x and y unchanged, so

o = Alx¥  with o' =t 2?2 =22, (2)
implying ' '

Azl = All = 51’1 and A% = Al2 = 5i27 (3)
where 9;9 is the Kronecker delta. Performing the transformation results in two nontrivial
equations:

2 = AQ2® + A2 = = AQt+ AY2 (4)
22 = A0 A3 = =AY+ A3z (5)

Furthermore, we know the transformation must leave the quantity t> — 2 invariant:
22 = (1) - ()2 (©)

= [(A9)* = (A0)] £* + [(A5)* — (A)?] 2 + 2 [(AD)(Ag) — (AD(AD)] 2, (7)

yielding
1= (Ap)* = (A)? (8)
1= (A3)” - (A9)? (9)
(A9)(A5) = (A3)(AD) . (10)

which are reminiscent of hyperbolic trig functions. We see the above relations are satisfied
if we set AJ = A3 = cosh(w) and A = A} = —sinh(w). Therefore a Lorentz transformation
along the z axis can be represented as

coshw 0 0 —sinhw
0 10 0
—sinhw 0 0 coshw

where w is a real constant.

B) Evaluate s in the lab frame for an electron-proton collision.
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The total center of mass energy is given by

s=(p1+p2)’=(E1+ E2)?— (p1+Pp2) - (P1+P2) (12)

Ei=\/|p}+m2 and E;=./|p[3+m?. (13)

In the lab frame, we will assume the proton is at rest so ps = 0, so

where

s = E%+mf,+2mpE1 — p1/? :m§+m§+2mpE1 . (14)
If we make the approximation my, > m., this becomes

s = mg +2myE . (15)

C) F,, being a tensor, transforms like the product x,z, under Lorentz transformations. Work
out the transformation of E and B under Lorentz transformations along the z axis using this
fact.

A second rank tensor transforms under a Lorentz boost as
Fl,=AAF.z. (16)
The field strength tensor has components

0 E. B, E,
B. B,

0 _
w=|-E, B. 0 -B, (17)

Using the matrix representation of A} for a boost along the z axis found previously, we can
carry out the first transformation:

coshw 0 0 —sinhw 0 E, E, E,
3 _ 0 10 0 -E, 0 —-B., By
Ay Fop = 0 01 0 -E, B. 0 -B, (18)
—sinhw 0 0 coshw -E, -B, B, 0
E.S(w) E,C(w)+ ByS(w) E,C(w)—B;S(w) E.C(w)
B —E, 0 -B. B,
- ~E, B, 0 B, ;o (19)

—-E.C(w) —ByC(w)—E;S(w) ByC(w)—E,S(w) —E.Sw)
where S(w) = sinh(w) and C(w) = cosh(w). Performing the second transformation, we obtain

E.S(2w) E,C(2w)+ B,S(2w) E,C(2w)— B,S(2w) E.C(2w)
_E, 0 B, B,
= _E, B. 0 _B,
—F.C(2w) —By,C(2w) — E;S(2w) B,C(2w) — E,S(2w) —2E.C(w)S(w)

Page 3 of 17



Dylan J. Temples Quantum Field Theory I : Solution Set Two

2 Two-dimensional quantum harmonic oscillator.

We would like to consider a two-dimensional quantum harmonic oscillator with the following Hamil-
tonian in Cartesian coordinate:

1
H =

1
=3 (p} +p3) + 3 (27 +23) | (20)

where I have set m = w = 1 for simplicity. The operators satisfy [z;, p;] = +id;;.

A) Write down the Hamiltonian in terms of creation and annihilation operators {aln, aL, ag, Gy},
which satisfy the commutation relation [a;, a;r-] = 0;;. (All other commutators are zero.)

The creation and annihilation operators are defined as

ai = — (2 + ips) (21)

af =

(zi —ipi) (22)

S-S

such that they satisfy the commutation relation!. Their products (after moving the radical

over) are
2ala; = (z; — ipi) (i + ips) = &} — (ips)? — ipiwi + imipi = 27 +p} +i(wp; — pizs)  (26)
2a,a] = (v; + ip;) (wi — ip;) = F — (ips)? + ipsw; — iwep; = o} + p? — i(wep; — piw) . (27)

We can identify the last term as the commutator [z;, p;] = —i, and so ZaIai = {L‘ZQ + p? + 1,

and 2aia3 = 1:12 +p12 — 1. If we sum, we find:
i P

2a1ai + 2aia3 =22+ 20 +1-1 = ala;+aal =27 +p7 (28)

T

7

]

i —

but since 1 = [a;,a]] = a;a jai, we have that aiaz =1+ ajai, so the above equation

becomes

a

2afa; +1=a7 +p} . (29)

We can rearrange the Hamiltonian, and insert the above result:

1 1
H =2 (@} +p) + (@} +p3)] = 5 |Calar + 1) + 2afaz + 1)| = afas +afaz + 1, (30)

yielding the Hamiltonian entirely in terms of the creation and annihilation operator for each

dimension.
1
t t_t 1 , ‘ 1 ‘ ;
i, Q) = a;a; —a;a; = < (T i) (i — ipi) — (T —ipi) (s i
[ai,a)] = a;a aa—z(ﬂc + ipi)(zi — ip;) 2(1’ ipi)(zi + ipi) (23)
1 ) . . . 1.
= 5[(36? +pi —imipi + ipiwi) — (27 + P} + iwips — ipiwi)] = 51(—1’1‘1’1' + pixi — Tipi + pii) (24)
= z(plxl — xipi) = z[pl,xl} = Z(—Z) =1. (25)
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B) The Hamiltonian obviously has rotational invariance in the two-dimensional space:
U(R)z;U(R)" = D(R);jz;, where D(R) is a 2 x 2 orthogonal matrix. A less obvious invariance
is a complex rotation S in (a1, as2),

U(S)CLZU(S)Jr = D(S)ijaj, (31)

where D(S) is a complex 2 x 2 matrix. Work out the condition on D(S) in order for the
Hamiltonian to be invariant under S : U(S)HU(S)" = H. Show that different states related
by an S transformation |a) = U(S) |b) are degenerate in energy.

The Hamiltonian is invariant under S if
H=U(S)HU(S)! = U(S)ala,U(S) + U(S)abaoU ()" + U(S)1U(S) . (32)

The unitary operator U(S) has the property U(S)U(S)t = U(S)TU(S) = 1, so the identity
can be inserted between the creation and annihilation operators for each dimension, so the
rotated Hamiltonian is

U(S)HU(S)! = (U(S)aw(sﬂ) (U(S)alU(S)T) + (U(S)a;U(S)T) (U(S)agU(S)T) +1.

Assuming that the creation operator transforms similarly to the annihilation operator, this
can be written

U(S)HU(S)" = (D(S)1;a}) (D(S)105) + (D(S)agal) (D(S)ejay) + 1, (33)

explicitly writing out the implied sum, we have
U(S)HU(S)T = (D(S)Ha{ + D(S)ma;) (D(S)11a1 + D(S)12a2) (34)
+ (D(S)gla{ + D(S)m;) (D(S)21a1 + D(S)a2az) + 1 . (35)

Performing the multiplication and combining terms yields
U(SIHU(S)" = 1+ {D(S)y + D(8)51 } afar + {D(S)F, + D(S)3} alas
+{D(S)1D(S)12 + D(8)21D(S)a2} alas + {D(5)12D(S)11 + D(S)a2 D(S)ar } afar .
We must enforce that the Hamiltonian is invariant under .S, so we are left with the conditions

D(S)}, + D(5)3 =1 D(S)i,+ D(S)3, =1 (36)
D(S)11D(S)12 + D(S)21D(S)22 =0 D(s)12D(S)11 + D(S)22D(S)21 =0 . (37)

Consider the state |b) related to a state |a) by |a) = U(S) |b), and thus

U () |a) = U(S)TU(S) [b) = 1]b) = |b) , (38)
additionally:
H=U(S)HU(S)! (39)
US)THU(S) = U(S)'U(S)HU(S)TU(S) (40)
US)'HU(S) = H (41)
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Now consider the action of the Hamiltonian on the state |a):

Hla) = HU(S) |b) (42)
Eqla) = (U ) HU(S) |b) (43)
Eqla) =U(S )H\b> EU(S)[b) (44)

Eqla) = Eyla) , (45)

and as such E, = Ej.

Define the one-particle states {|i) = aj- |0), i =1,2}. We discussed in class that any operator
can be expressed in terms of creation and annihilation operators. Consider a set of operators
{T*, a=1,2,3} whose effects on the one-particle states are

=0 TN = 1) 0", (16)

where 0%’s are the Pauli matrices and [0?]; ; are the matrix elements of Pauli matrices. Find
the representation of T* in terms of the creation and annihilation operators.

Considering the action of T'* on the vacuum, it can be expressed as
T7%10) = A%, |0) = A*(0) =0, (47)

where A% is an undetermined operator. Now consider its action on the state |i):

. . 1.

T*[i) = Aai |i) = A*[0) = 5 5} [0°];; (48)
since the matrix elements [a“]ij are C-numbers, they can be moved around without conse-
quence:

1 ,
A%|0) = 5 [0 1) - (49)
Let us now write A% = Qaa;, where Q2 is another undetermined operator; its action on the
vacuum is
_ T10) — ;
A%[0) = Q%;[0) = Q|j) , (50)
so now we can identify Q¢ = 1 0], ;» and see that
7 = L s ol (51)
9 ij e

Use your result in (c¢) to compute the commutators [1¢, a;r].

The commutator is

1 1
(17, af) = 5 [0");; lafas, af] = 0], {allas,af) + [a, afla | (52)
using the commutator relations: [a;, aj] =1 and [a] = a;r] = 0, we have
1
(7%, af) = 5 0]} - (53)
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3 Spinless boson.

Consider a free spinless boson ¢(x) with the following plane-wave expansion:

3k , ,
gb(l’) = / M (ake_lkm + aLe””) . (54)

Be aware that I am using the non-relativistically normalized creation and annihilation
operators!

A) Suppose we treat ¢(z) as a quantum field and canonically quantize it using the commutation
relations:

[B(x.1),8(y,1)] = [0r(x,1), Od(y, 1)) = 0,  [B(x,1),0(y, )] = i6®) (z — ). (55)

Express a; and aL in terms of ¢(x,0) and 0.p(x,0) and show they satisfy the commuta-

tion relations for creation and annihilation operators: [ag, ap| = [aL, a,t,] = 0 and [ag, a;rc,] =
5B (k- k).

First, we can find the time derivative of the free spinless boson field:

9 d3k —iw, tk-x W —ik-x
00,1 = 5 [ g (e alertem) (56
d3k . —ik-x Tz ik-x
/(2#)3 o ((—zwk)ake + ay (iwy)e ) (57)

: dSk Wk —ik-x ik-x
:_Z/W”2(ake k —azek ), (58)

where wy = kY = \/|k|2 + m2. If we evaluate the field and its time derivative at t = 0, we are
left with

d*k , ,
(b(X?O) = /M (akelk'x + azefzk-x) (59)

3
Ohp(x,0) = —i / (;17:;3\/? (ake“‘"‘ - aLef“‘"‘) : (60)

but if we make the transformation k — —k in the second terms, these can be expressed as

0000 = [ G o+ oli) 61

Bip(x,0) = —i / gi’;}ﬁ (ak —at k) kx| (62)

Now consider taking the inverse Fourier transform of the field:

d3kd3 ; ,
/d31;¢) x,0)e // 27T 3 ak + aT_k) oikex ,—ipx (63)

d3k ik p)x
:/(2%)32&% (ak—i—aT_k) /d3$e (k=p)x (64)
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now using the identity

/ PBreilP)x _ (97)35) (k — p) | (65)
the previous equation may be written as
. , d3k 1
3 —ip-X _ 1 B, _ T
/d zo(x,0)e NGO (ak + a_k> )k —p) e <ap + a_p> . (66)

We can do this same process for the time derivative of the field:

3
/ d*z0p(x,0)e P> = —i / (g ) \/u;k (ak Tk) / dBgek—P)x (67)
7T

/ a3k ‘”’“ ak—aT k 5@ (k — p) (68)

Solving Equations 66 and 69 for a, and aT_p yields:

ap :é <\/ﬂ/d3x¢(x,0)e_ip'x+i\/w7p/d3$at¢(xa 0)€_ip'x> (70)
al, :% <\/ﬂ/d3m¢(x,0)eip'x —i\/z/d3m8t¢(xa O)Gip'x> : (71)

Switching from p — k fo a, and —p — k in aT,p yields the result:
= % (m / dBa(x, 0)e W% 1 i\ |2 / d*zdg(x, O)e“”‘) (72)
W
alt = % <\/2wk/d3:c<b(x,0)eik'x - u/j/d?’x&fqﬁ(x, O)eik'x) . (73)
k
Let us define the operators:
3(p) = [ aolx,0)e P (74)
7(p) = [ r00(x,0)e P (75)
and thus
1 .2 _
ap = 5 <\/2wk¢(k) +iq/ ww(k)) (76)
k
v 1 .2
a, =3 V2wip(—=k) — iy | —7(=k) (77)
Wi
The canonical commutation relation
[6(x,0), 06(y, 0)] = i6® (x — y) (78)

Page 8 of 17



Dylan J. Temples Quantum Field Theory I : Solution Set Two

multiplited by factors of e~“(P*) and e~ iP"¥) and integrated over x and y is
/ / Exdye PXe PV (x,0), 9,6(y, 0)]
= // PBxdPye PX) =P Y)i56)(x —y). (79)
The right-hand side of the above equation is
z// dPxd?ye 1Px+p"y) 5(3) (x—y), (80)
and performing the integration over y yields
i/d?’xe_i(pﬂ’,)'x =i(2m)36®) (p — p') . (81)
The left-hand side of Equation 79 is

// d*xd’y { (6(x,0)e™ P (@r(y, 0)e™ ") — (B(y, 0))e =¥ (9(x, 0)e P} (82)

= ¢(p)7(p') — 7(P")d(p) = [6(p). 7(P)] (83)
and so the canonical commutation relation for ¢ and 7 is
[6(p), 7(p)] = i(2m)*5 (p + P') - (84)

The same process can be done for the commutators [¢(p), ¢(p’)] and [7(p), 7 (p)], where the
same integration is performed, but the right-hand side is zero:

[¢(p), (p")] = [7(p), 7(p")] =0 . (85)

We are now ready to find the commutators of the creation and annihilation operators:

awsal) =[5 (vEot0 +iy/ 2a00) o (VEwaw) - iy Zaca))] o)

Wk
— 1 {|vaano, /2 ()] + [i\/Zw(k% vawici|b e
= 3 {2 [600), (k)] + 2 [7(1), 6(-K)]} (88)
= i1 {509, 7 ()] + [7(09, 6]} = i {2 [7(0), 6]} (59)
= i(i(2m)36® (k + (—K))) = —(27)30® (k - K')) (90)

as expected. Similarly, we can find the commutator

] = |5 (VBR300 + iy 2700 ) 5 (VBSR4 i) | o

Wi Wi
= 1 {2[800, 7(-K)] +2 [7(k), 6(-K)]} (92)
= Li{ (600, 7(—K)] — [6(-K),7 (K]} =0, (93)

*Using the fact that [A+ B, C+ D] = [A, C]+[A, D]+[B, C]+[B, D] with A ~ ¢(k), B ~ 7(k), C ~ ¢(=k’), D ~
#(—k’). So that [4,C] = [B, D] = 0.
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and the commutator

ohoal = |5 (VBRGS0 — 1 2709 ) 5 (VEwa) - iy Zac)| o0

2 Wi Wi
_ i, (-2 [6(k), 7(~K)] — 2 [7(k), B(~K)] } (95)
= {300, 7)) - [6-¥), 700} =0 0

B) Alternatively, treat ¢(x) as the simplest quantum field constructed out of the creation and
annihilation operators aj and aL and show that ¢(z) and ;¢ (x) satisfy the correct commu-
tation relations as required by the canonical quantization.

We are interested in showing

[6(x,0), 6(y,0)] = [9e(x,0), Dy, 0] =0, [$(x,0),00(y,0)] =i (x—y),  (97)

where

7(x) = 0p(x,0) = —2/(;:;3\/? (akeik'x - aLe_ik'x) . (98)

The first commutator is given by

[9(x), o(y)] = / (;17?)03 / (3;33 \/2:1)72% {(apeipvx + a;e—ip.x> ’ (aqeiqy + age—iq-y)} (99)
T T] —

and using the identity in footnote 2, and the fact that [a,, a4] = [ap,aq] = 0, this becomes

d3p d3q 1

[6(x), $(y)] 2/(%)3 / (27m)3 /20,20,

(eip.xe—iq‘y [y, a’g] 4 e~ X iay [a;g, aq]> . (100)

We can now use the commutator [ag, az,] =0 (k—k) = —[aL, ax], making the commutator
above

3 3
[6(x), 6(y)] = / d’p / d’q 1 (ePXe—iay _ o=iPxeiay) (27)350) (p — q) .

@ | @rP J2w2e,

If we carry out the integration over ¢, this becomes

dBp 1/, ,
0669.0) = [ G5z, (7 —emy) (101)
_ I’p 1 (x—y) dP’p 1 (x—y)
_/(271_)320%06p y —/(277)32%,6 P Y s (102)

since wp = +/|p|? + m? and is symmetric under p — —p, and since we are integrating each
component of momentum from —oo to co, the entire integrand is symmetric under p — —p,
SO

_ [P 1 ey Cp 1 ipxy) _
[¢(X)a¢(§’)]—/(2ﬂ)32%€p v _/(277)32%ep Y=0. (103)
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We can now do the same for the second commutator:

d®p 3¢  [fwpw o oo i e
)] = = [ 50 [ g[8 [ (e = e (ageie — afe )]
using the commutation relations this is
d’p d®q  Jopwy [ ipx —ig: ipx_ig-
[m(x), m(y)] = / (2r)? / (2rn)3 g2q <ep e qy[ap,ag]+e p er[alT”an
d3 43 O I i ia
= _/ (271-])33 / (QW()JB\/?(QZP e Y 4 o7P eqy) (27T)35(3)(p_q)

3

Doing the same transformation on the second term as the previous commutator, we see that
this commutator also vanishes:

[r(x), m(y)] =0 (104)

The final commutator is

[p(x), 7(y)] = _i/ (;13))3 / (gjr()lg ' {(apeip'x + azeﬂ'p'x> , (aqeiq'y — age*iq-yﬂ

2w,
:%/}i%/}iﬁ e (7P a) ag) = € *e " ]ay, o} )
L i)
= (;z)v / (;173 \/ZT( 4 e-ixgav) ()50 (p o
— ;/ (;ijr])gg (eip(x—y) i e—ip~(x—y))
= % (25(3)(X - y)) ,

which yields the result

[p(x),m(y)] = i6® (x —y) . (105)

C) In canonical quantization the Hamiltonian of a free spinless boson can be written as

1= [ @300 + (Vo + (mo)?] . (106)
Verify explicitly that
H = / 432wy, <aka£ + ;5@”)(0)) : (107)
The Hamiltonian can be written:
H = [ @2+ (K0P + o) = [ ol + (kP +m?)e?) (108
_ / g |(n)? + wie?] (109)
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where 7 is the momentum of the field: 0;¢. If we note that this is similar in form to the
harmonic oscillator Hamiltonian, we see

(7(%) + iwpd(x)) (7(x) + iwpd(x)) = 1(x)* + Wpd(x?) + iwpd(x)m(x) — iwm(x)p(x) (110)
= m(x)? + wid(x?) + iwk[p(x), m(x)] (111)
— (%) + wo(x) + i (6 (x — x)) (112)
= 7(x)* + wid(x*) — w.6®)(0) (113)
If we use the definitions of a; and a};:
ar = 7(x) + iwp(x) and a}i = 7(x) — iwp(x) , (114)
then from above, we have
aral, = 7(x)* + wip(x*) — wps®(0) (115)
and so the Hamiltonian can be written
H= / Bawy, <aka,1 + ;5@)(0)) . (116)
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4 Divergences in QFT.

The infinite constant in the Hamiltionian in Problem 3 (c),

1
Heoe = /d3k‘wk25(3)(0), (117)

actually contains two types of infinities:

A)

The infinity in 63 (0) comes about because the space in which our QFT lives is infinite in
volume. To see this explicitly, recall that §(3)(0) arises from the commutator

lag, GL] =6k —k) = /dgzce_i(k_k/)'x : (118)

Use the above equation to show that if we had placed the QFT in a box with sides of length
L, then [ag, ak] L3 which is the volume of the box. Now take the length L — oo and show
that

1
Hoe = /d3k2wkv : (119)

where V' is the volume of the infinite space. An infinity associated with an infinite volume is
called the infrared divergence.

If our field theory exists in a cubic box of side length L, then the commutator [ag, a;rc] is given

by
3

L
[ak,a,t,] = /d3$ei(0)'x = </ dx) ==V, (120)
0

so the infinite constant becomes
1 : 1
Hoo = /dgkwk2/d3xe_’(0)'x = /d3kwk2v , (121)

which diverges to infinity as L — oo.

The infrared divergence comes about because we are computing the total energy of the sys-
tem. We could instead compute the energy density Hoo = Heoe/V to get around the infrared
divergence. Show that there is still a divergence in Hoeo because we assume the QFT is valid
up to arbitrarily high energy and therefore integrate over arbitrarily high momentum |k|.
Such a divergence is called the ultraviolet divergence.

We define the energy density to be

H,
Moo= =08 =5 [ VIR +med (122)

We can perform the integral in spherical coordinates, immediately integrating out the angular

components:
Hee = / VIk[2 +m2(k[*dk|). (123)

The integrand scales as ~ |k|3, which divergres as |k| — oo.
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C)

Since no one knows how to write down a consistent QFT for gravity, it is reasonable to assume
that our QFT is valid only up to the Planck energy M when the effect of gravity becomes
important. Therefore we should cut off the |k| integral at Mp. Calculate the zero-point
energy density Hcoc in terms of M.

If we set our cut-off energy to be the Planck energy, the final integral from the part (B)

Mp,
Hoo = 27?/ v/ ]k|2 + mQ(\k\2d|k\). (124)
0

Evaluating this integral in MATHEMATICA yields

becomes

T m
Hoo = 1 Mp (m2 + 2M}%1) \/m?+ M}z’l + m*log . (125)
1/m2 —|—M}2)1—|-Mp1

However, we can assume m < Mpy, because it is the rest mass of our spinless boson, which
must be negligible compared to the Planck mass (Mp; ~ 102 GeV. Doing this, the energy

density becomes
T

™ 4 4 m
1 <2Mpl+m log <2MP1>> . (126)

Furthermore, in this limit, we may also neglect the entire logarithmic term because if m <
MPL, then

Hee =

Mpy, > mlog(m/Mpry,) , (127)

so we get the result
Hee = ngél ~ 3.5 x 1012 oV, (128)

One way to remove the zero-point energy is to add a so-called cosmological constant term to
the Klein-Gordon Lagrangian

L= %(8@8% —m2¢?) + Acc - (129)

Show that the total zero-point energy density now becomes

Erotal = Hoo — Acco - (130)

The Hamiltonian density for this Lagrangian density is given by
1

H = m(x)0p(x) — L = w(x)0r6(x) = 5 (0u60" ¢ = m?¢") — Acc (131)
= m(X)0b(x) — (A6 + 5(V6) + m*6 — Ace (132)
= S 4 (VP 4 gm*¢? — Acc . (133)
but from Problem 3C, this can be written
H = wraral, + Heo — Aec (134)
so the total zero-point energy is
Erotal = Heo — Acce - (135)
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E) Over the last decade our colleagues in cosmology worked very hard and measured Eipta ~
(1073 eV)* in our universe. Assuming that QFT is indeed only valid up to My, what is
the amount of cancellation needed between Ho and Age in order to result in the observed
value? One measure of the fine-tuning necessary is to estimate the order of magnitude of

Hee — Ace

. 136
Hee + Ace (136)

This is the famous cosmological constant problem!

For the total zero-point energy to be ~ 10712 eV, the Hcc must cancel with Aco to 124
significant figures. Since Hcoo ~ 102 eV, the cosmological constant must cancel that, and
the next 12 decimal places hence 124.
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5 Conserved currents of infinitesimal Lorentz transforms.

A) In the class we showed that the conserved currents corresponding to spacetime translations
% — % —a® are the energy-momentum tensor T#¥. Since we have been considering Lorentz-
invariant quantum field theories, derive the conserved currents corresponding to infinitesimal
Lorentz transformations A% = 6% + w%.

(Hint: recall that in the case of translations, there are really four currents TH® = (j#)°,
for each a®. In this case there are really six conserved currents M ga = (j*)“, one for each

one
w%. You may wish to express M g % in terms of THY.)

A Noether current is defined by

_ 0L o¢n
Ju = ; 9(Dudpn) b0 (137)

where « is some scalar, vector, or tensor parameter. When the equations of motion are satis-
fied, this current is conserved: 9,J, = 0. In order to find this current, we need the variation
of the field as the parameter o varies. We know the field is invariant under infinitesimal
Lorentz transformations. Given our definition of the infinitesimal Lorentz transform

ACXB = (50{5 + waﬁ 5 (138)
we may find the inverse transform:
(A—l)#y =AY, =6, + ), =0k, —wh, (139)

where 50‘6 is the identity, and w is a constant with respect to the coordinates, and is anti-
symmetric. Consider now how the scalar field operator transforms

$(a) = ¢(a') = p(A12) = (8", 2" — wha”) = (a —wha”) . (140)
Since w is an infinitesimal quantity, we may Taylor expand keeping only up to first order:
d(x) — o(z) = ¢(x) — wﬁaxo‘ﬁgd)(:v) , (141)

after some dummy index manipulation. However, by analogy to the infinitesimal translation,
we know there must be an additional term:

$(x) = d(a) = d(z) — Wz (x) + w50 () (142)
= ¢(z) + P, (xg0%p(x) — x“0p(x)) . (143)
Now we can identify, in the notation of Peskin (see equation 2.9), our infinitesimal parameter

is a = w’, and Ag = xg0%p(x) — x*03¢(x). Knowing how a scalar transforms, we can say
that the Lagrangian density transforms as

L— L =L+ b (250°L — x205L) . (144)

Inserting the identity yields
L £ = L+, (20,07 L = 2°0,8%,L) (145)
= £+ w8, (wpd" L —a%9,L) (146)
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and now we can identify

("% =L (a:ﬁaw - xaé*‘ﬁ) . (147)
Peskin equation 2.12 tells us
()% = M2 = 95 (00 (a) — 220p0(x)] - £ (g0 = a29",) (148)
I ,6’_3(6“@5) B B B gl
where 0,(j#)% = 0 and is therefore conserved. Here we note the form of the stress-energy
tensor: or
Th = O — LK, , 149
000, )

and then we can write the previous equation as

oL oL
MEY = 25——"—0%(2) — 2% ————050p(x) — xg LI + 2L 150
= xgTH* — xaT’fB . (151)

What is the physical interpretation for each of the conserved charges in (a)? Separate your
discussions into those corresponding to rotations and those corresponding to Lorentz boosts.

A conserved charge is of the form
Qj = / jo‘}}d?’x = /d3w (ngoa - xaToﬁ) (152)
all space
Now we consider just the components
Qi = / §%dPr = / da (2,77 - 2'TY) | (153)
all space

and we can identify the term ijOi —xiTOj as angular momentum about the k axis. Therefore,
Lorentz rotations conserve angular momentum. Now consider the component

Q) = / 3% d%r = / Pz (27" — 2°77) | (154)
all space

the component T is the total energy density, and this says that energy is conserved. Simi-
larly,

Q? = / jO%dSm = /d?’x (wOTOi — arOT%) , (155)
all space

which are Lorentz boosts, give the center-of-mass theorem.
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