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1 Electron in Short Range Potential.

Consider an electron bound to an attractive short-ranged potential that can be approximated by a
delta function with a strength given by V(z) = —e2§(x), where e is the electron charge.

1.1 Estimation of Ground State Energy.

Obtain a best estimate for the ground state energy assuming a variational wave function of the
form, ¥, (x) = woe*‘“”Q/z. Express your result in units of the Rydberg, Ry.

For 1, to be properly normalized, we enforce

V= [ WuPde=lwoP [~ et = (”)W , 1)

o t

which gives |[)o| = (p/7)"/%. The variational energy is given by

E(p) = <¢}u|7:[|¢}u> = -1 (¢u|f’2|¢u> — ¢ <¢u’v|wu> . (2)
The kinetic energy term can be expressed in the coordinate basis as
h2 b 2 82 2
32 ~ 2 __ v 2 —px/2 Y —pux?/2
h <T/JM‘P W}M> Qm‘wo‘ /ooe 972 <€ )dx . (3)

The second derivative is

82

@ (e—u;rz/Q) _ _M% <ZL‘€_WB2/2) _ M2$26—/L$2/2 _ 'ue—p,xQ/Q =4 (/'5332 _ 1) e—uz2/2 , (4)

so the integral in the kinetic energy term is

,u/oo (pa® — 1) e M dy = —%W , (5)

—0o0

so the kinetic term contributes

okt =~ (£)" (-3 vmm) = 52 0

2m \ 7 2 4dm

The contribution to the energy from the potential term is
~ o, N 1/2
= V) =l [ e s(wpe = e (4) ™)
—00

Inserting the results into Equataion 2 yields

which for the ground state is minimized with respect to the variational parameter pu:

_9 @,62 py_no e (9)
~ op \ 4m 7))  4dm 2 TR
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so the value of p which minimizes the ground state energy is

( e? 4m>2 4 <m62>2 41 (10)
b=\g7—=7% ) ==\ 53] ===

2\/7 h? m \ Rh? a3

where ag = h%/me? is the Bohr radius. Inserting this into the variational energy, we obtain

h2 4 2 14 1e2 22
‘ =-2_22 (11)

Eozii—i _ —
dmmal  m\|mad may Tag

using the definition of the Rydberg, Ry = e?/2ag = me*/2h?, we have
2
Ey=—"(1-2)=—--Ry=—0.636Ry . (12)

1.2 Exact Ground State Energy.

Solve the Schrodinger equation for the ground state wave function and calculate the exact result
for the ground state energy in terms of the Rydberg.

The exact ground state energy &y can be found using the Schrédinger equation:

h? 92

— o to(e) — E6(o(e) = Ebo(@) = W= -

& — 625(:1;)) (/I (13)

where primes denote derivatives with respect to the coordinate x. At every point excluding z = 0,
the term with the delta function vanishes, and if we define Kk = \/—2mé&y/h? (which is positive
because for bound states & < 0), we are left with the differential equation

7/)” _ sz 40, (14)
which has solutions
Ae ™™ >0
wmz{&w L (15)

where we have enforced continuity at £ = 0 by using same the coefficient A for the wave functions
in both regions. Normalization gives us |A|? = 42k, we can select the positive value, so that A € R.
Due to the presence of the delta function, there is a discontinuity in the first derivative at x — 0.
Consider integrating the Schrédinger equation over an infinitesimal region around thhe origin:

+e aQw B o27m [T

2= ;e | (62(5(:):) + &) . (16)

—€

In the limit €y, the integral of the regular quantity x2¢ must vanish because the range of integration
is infinitesimal. This is not the case for the delta function, which is “infinite” at the origin. Carrying
out the integration of the second derivative on the right-hand side, and taking the limit ¢ — 0, we

obtain
9 _ oY
ox ox

2m [T€

=G [ e = TR, (17)

=0+
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Therefore, the condition on the continuity of the first derivative at x = 0 gives

2
—Akek® — Akel® - h—?eQw(O) (18)
=07 x=0"
2
—2K = —h—?eQ ) (19)

using 1(0) = A, we obtain the relation x = me?/h%. Setting this equivalent to the definition of 2,
we obtain

me? 2_ 2mé&y Em2e4 me?
B 2m  hi 2h2
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2 Two Electron Atoms: Coulomb Repulsion.

Two identical particles of spin s = 1/2 are confined to a cubical box whose sides are d = 1078
cm in length. The particles are attracted to one another via a potential of strength Vy = 1073 eV
whenever they are within a distance of a = 107'° ¢m of one another. Calculate the ground state
energy and wave function of the particles assuming they each have a mass, m, equal to that of the
electron. Express your result for the ground state energy in terms of A, m, Vj, a, d. Does the ground
state have a definite total spin? If so what is the total spin? If not what are the probabilities of
measuring the allowed values of total spin S in the two-particle ground state? Hint: pay attention
at the beginning to the length scales involved in this problem.

The length scale of the interaction is two orders of magnitude smaller than the length scale which
defines the volume. Therefore the volume in which the fermions can interact is a factor of 10°
smaller than the total volume they occupy'. For this reason, the potential

V=V©0{a—|r; —ra|} , (21)

where O(x) is the Heaviside theta function, can be approximated as
9 3 dm 3o 3
V= WV8* {r1 —ro} = —=a"Vpd” {r1 —r2} (22)

where we have picked up a factor of the volume for approximating the Heaviside function as a
delta function (really the three dimensional delta is three one dimensional deltas each with a factor
of the length scale on which the Heaviside is nonzero). This is needed because the Heaviside is
dimensionless and the delta function has dimensions which are the inverse of its argument. We
have selected the length scale a because this determines the volume on which the interaction
occurs (where the Heaviside function is nonzero) so the strength of the perturbation will depend
on the scale of the interaction. Additionally, the amplitude of the potential is small, and due
to the relative size of the interaction volume compared to the total volume, the particles have
a much lower probability of being within a of each other than being separated by a distance
greater than a. For these reasons we may treat the potential as a perturbation. The unperturbed
wave function for a single particle is simply that of a infinite cubic well, with the conditions that
Y(x; =0) = ¢(x; = d) =0, where x; are the Cartesian coordinates, with the origin at one corner
of the box. The solutions to the Schrodinger equation are harmonic, but we may ignore the cosine
term because it does not satisfy the boundary conditions, so

2\*? snm N omm N qpm
) = (5) i () s (%57 sin () (23)
with energies
P 2 oy _ PP,
Bump = G (4 m £ 2%) = 5 IR N @

which is (N + 1)(N + 2) fold degenerate. If the box now has two electrons, the wave function can
be represented as a product of a two-fermion spatial state |¢) and a two-fermion spin state |x):

W) =1¢) @ [x) = — (Inmp)y ® [n'm'p)y — Pra(S) [nmp), @ [n'm'p)y) @18, Ms) . (25)

V2

'The total volume is (107%)% em® = 1072* cm?®, while the interaction volume is (107'°)% cm® = 1073 c¢m?®, and
thus the ratio is Vint/Viot = 1076,
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where the subscripts denote the particle index, P12(.S) is the parity exchange operator, defined by

+1 S=1
Pis(S) = {_1 S (26)
and |S, Mg) denotes the two-fermion spin states:
1,1) =@M,
triplet: 11,00 = 25 (1) @ g + 1)1 @ 1)) (27)
L,-1) =) ® N,
singlet: { 0.0) = J5 (1) @ [y — 1y ®11),) (28)

Note the symmetry requirements imposed by the spin states: if the fermions are in the singlet
state (S = 0), which is antisymmetric, the spatial wave function must be symmetric to ensure
total antisymmetry of the wave function, which is ensured by the definition of the parity exchange
operator. Conversely, when the spin state is symmetric (triplet, S = 1) the spatial part of the
wave function is antisymmetric due to the parity exchange operator. The product states |¥) are
eigenstates of the Hamiltonian, with an energy spectrum

h2m? h2m? h2m?
Enmpn’m’p’ = 2md2 (77’2 + m’ + 22) + 2md2 ((n/)Q + (m/)2 + (p/)Q) = 2md?

(N> + (N)?),  (29)

with N2 = n? + m? 4+ p? and N’ = (n')2 + (m')? 4 (p’)? (note that N and N’ are not necessarily
integers). The ground state of the single-fermion system is simply E71; because for any index
{n,m,p} = 0, the wave function is zero due to it being a product of sines. Similarly, we see
that the lowest energy state, for which the wave function is nonzero, of the two-fermion system is
|[nmp) = |n'm/p’) = |111). This state is allowed only for S = 0 due to parity, and as such we may
write the ground state |¥g) of the two-fermion system as

v) = ¢1§ (111), ® [111), — (~1)|111), ® |111),) & [0, 0) (30)
_ 2 111), @ [111), ® ¢1§ (111 @ [)a — 1)1 @ 1)) (31)
= {[111); ® [111), } @ (1) = 41) - (32)

In the coordinate basis this is

(r1r2|Wo) = { (r1[111) ® (r2|111) } @ (I1) — [I1)) (33)
3
Uo(ry,ra) = (Z) sin (gml) sin (gyl) sin (%a) sin (ng) sin (%yg) sin (%zz) ®10,0) . (34)

The energy of the unperturbed ground state has N2 = (N’)? = 3, and therefore

2 _9
o L h°m
O 7 Tmd?

The first-order correction to the energy of the ground state due to the perturbation V is

AESD [V = (o|V/V|Wo) = Vi (Wo]6% (1 — 12)|Wo) = Vi (605 (x1 — r2)lgo) - (0,0[1/0,0) , (36)
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and the inner product of the spin states does not contribute to the energy shift. In the coordinate
basis, this matrix element is

AES) |V = Vo (¢0]8%(r1 — r2)|0)

92 6
=a*V <d> /d3r1 /d3r253(r1 —ry)sin? (Z1) sin? (1) sin? (1) sin? (&) sin? () sin? (%)

where &; = mx;/2, and likewise for y and z. Performing the first integral over ry just selects the
value of the function at ro = r; =r:

AESY (2
~\d

6

3V ) /d3r1 sin? (Z1) sin? (i) sin® (21)/d3r253(r1 — 19) sin? (Z2) sin? () sin? (Z2)
92 6

_ (d) / dBry sin? (1) sin? (7) sin® (2) sin? (1) sin? (7) sin® (2)
6 d d d

= (2) /0 dx/o dy/0 dzsin? <%:ﬁ> sin? <%y) sin? (%2)
N[t amr N\ 2\ 34\ 27

= (@) L ot (7)) = (5) (F) -

The ground state energy of the two-fermion system, to first-order, is

2,2

(1) (0) (1) hem 27__A4Arw (a>3
0 o TAE =35+ gV3(; (37)

The numeric value of the first-order energy shift due to perturbation is

27 4w raN3 27 _q4mw _on\3 9 _
AED — 21 (,) = 20327 (1072 =-————eV=141x10"%eV.
5 81/03 y g 10 3(0 )" eV 2X109ev x 107% eV (38)
The unperturbed ground state energy is
0 R?m?  194.885eV? - §?

B =3- = — — (39)

md? m cm

where m is measured in grams. If we measure m in eV, the unperturbed ground state energy is

~1.216 x 10" _

EY eVv? (40)

m

inserting the electron mass yields

(o) _ 1.216 x 10

_ 8
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3 Excited States of Helium.

Consider excited states of Helium with the configuration [1s 2s] and [1s 2p], in which one electron
is in the (1s) single-electron orbital and the other electron is in an excited (2s) or (2p) orbital. The
energy calculated in first-order perturbation theory in the electron-electron interaction of such a
state can be written as

E(Q, £, my; S) = —5Ry + Ad(Q,E, mg) — Plg(S)AeX(Q,E, m[), (42)
where Ry = e2/2ag = 13.6 eV is the Rydberg, S is the total spin and Pj5(S = {1,0}) = {+1, —1}.
Technical Hint.
To calculate the direct and exchange terms in Eq. 42 express the the direct contribution to the

Coulomb energy in terms of the Fourier transforms of the probability densities for 1s and 2s Hy-
drogenic states of the electron,

p1s(a) = / dPre” "I [y (r) [ (43)
pule) = [ @rem " ) ()
and the Fourier transform of the Coulomb interaction,
2 2
/d?’reiq'rfr‘ = 47;26 . (45)
For the exchange term you need the Fourier transform of the “overlap”
pex = / dre 1T (1) ihag (1), (46)

Scale the Coulomb and exchange energies in units of €2 /a, where a = ag/Z. The coefficient is now
a dimensionless integral. Use the results of Exercise 1 to evaluate the resulting direct and exchange
contributions for the matrix elements of the Coulomb interaction.

3.1 Direct and Exchange Energy Integrals.

Write down the direct and exchange integrals, Ag and Ay, for the [1s 2s] and [1s 2p] states.

The first-order energy shift is given by
AE(n,,mg; S) = (NLMyp; S|Vee INLMp; S) = Ag(n, £,mg) — Pi2(S)Aex(n, €,my),  (47)

where V. is the Coulomb potential between the two electrons, and the state vectors are defined to
be

INLMj; S) = \}5 (115) © ntm) — Pro(S) Intme) @ |15)) (48)

which is a linear combination of the two electrons in each possible state (the ground state 1s, and

an excited state) which obeys the necessary symmetry requirement determined by the total spin
state of the two-electron system. The matrix element in Equation 47 results in terms of the form

1 ~ 1 -
5 (1s;nlmy|Vee|1s; nlmyg) + 3 (nlmy; 15| Vee|nbmy; 1s) (49)
1 ~ 1 N
3 (1s; nlmy|Vee|nbmy; 1) + 5 (nfmy; 15|Vee|1s; nlmy) (50)
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which are the direct and exchange contributions, respectively. In the coordinate basis, these matrix
elements can be expressed as the integrals:

2

e
Aq(n, €, me) = /d37"1/d37"2!¢100(1‘1)’2|r1_r2’anmg(m)\Q (51)

2

Aex(n, €, my) = /d37‘1/d37‘2 %{¢T00(r1)¢nﬁm5(r2) ¢Zém@(1"1)¢100(1‘2)} ; (52)

[r1 — 1o

where n¢m, (r) are the single-electron wave functions for Hydrogenic atoms:

1) = [100) = wro0(rx) = f?,z/ (53)

|25) = |200) = thopo(r) = 4 /?;;86—27“/2% (2 — fg) (54)

20) = [210) = vono(x) = || -2 3@8 e L o (55)
12p21) = |21 + 1) = thor1 (r) = jﬁ 3227;3 6—ZT/2ao§§ sin gt (56)

for helium, we have Z = 2. Using the technical hint and Equations 51 and 52 we can write the

direct and exchange integrals in Fourier ¢g-space?:
d3q 4rre?
Bl o) = [ 55 o100(@) T (@ 67)
d3q 5 4me?
A X 767 = 7. \2 X )
ot tomg) = [ (el (5%)
with
pest@) = [ Are T a0 i (1), (59)

For the [1s 2s] state we have |nfmy) — |200) and for [1s 2p] we have |nfmy) — |21my) .

3.2 Electron-Electron Interaction Energies.

Calculate to first-order in the electron-electron interaction the energies of the “ortho” (spin-triplet,
23S) and “para” (spin-singlet, 2'S) excited [ls 2s] states of Helium. Compare the perturbation
theory results with the experimentally determined level structure of Helium. See for example tab-
ulations by the NIST at the URL:
http://physics.nist.gov/PhysRefData/Handbook/Tables/heliumtable5.htm.

To determine the first order energy shifts of the [1s 2s] state, we must calculate p100(q), p200(Q),
and

Pex(q) = /dgT@iq'rllfloo(r)%oo(?’)‘ (60)

*Note that for the [1s 2s] state, both wave functions are entirely real, so taking the real part in the exchange
integral leaves the integrand unchanged.
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The first Fourier density is

2

pls(q) = /dgre_iq'r |Q)Z)15(7')|2 = /d3re—iq-r

| ize—Zr/ao
T

ap
73 ) 73 2T 1 00 )
= d3T€—zq-re—2Zr/ao _ / d¢/ d(COS 9)/ T2dre—7,qr00596—2Z7’/a0
0 -1 0

Tag nad
’ 1 3 .
= % o r2dre—2%r/0 / d(cos 0>e—iqr cosf _ % /oo T2d7,e—2Zr/aO2sL(q7')
“ o -1 ag Jo qr
A2 in(grye2zrfangy - 420 (__AabeZ
o Jo qay \ (adq? +422)
1624 Z4 74

22 2)2  alq?
(afe? AL (222 (g2 ()]

i i zZ3 YAS
_ 3,. —iqr 2 _ 3,. —iqrT —Zr/2a
pas(q) = /d re” "I |hos(r)|” = /d re "4 Me /2a0 <2 _ ao)
3 2
_ 2 /dgre_iq're_zr/ao 2 — Zr
32ma} ag
Z3 2w 1 00 ‘ 7 2
— 3/ d¢/ d(COS 9)/ r2dre—zqrc0596—2r/ao (2 N 7’)
32may Jo 1 0 a0

3 2 1
_ A . /OO 7"2d’l“€_ZT/aO 9 _ ﬁ / d(COS g)e—iq'rcose
16&0 0 ag -1

2 .
— A > T2dreer/a0 9 _ ﬁ 2 SIH(QT)
16a8 0 ao qr

z3 [ Zr\®
= 3 / rsin(qr)efzr/ao 92" ar
8qag Jo ao

ZS o] Z2 2 7
=3 / rsin(qr)e_ZT/ao —;ﬁ — 4—r +4)dr.
8qag Jo ag ag

2

and the second is®.

2

3Some useful identities:

/1 oI g — 2sin(qr)

1 qr
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This spits into three integrals:

o] Z27"2 Z2 00
/ rsin(qr)e_zr/ao <2 ) dr = — r3 sin(qr)e_zr/aodr
0 Qg ag Jo

_ 72 24a8qZ (Z2 — a%q2)
W%\ (ag?+2%)"

/ rsin(qr)e” 7"/ <—4T> dr = —4— 2 sin(gr)e =2/ dr
0 aO CL(] 0

_ 4 Z 2adq (a%q2 — 3Z2)
a0 (a3a® + 22)°
[o.¢] (e.)
/ rsin(qr)e*Z’”/aO (4)dr = 4/ rsin(qr)efzr/aodr
0 0
2(1qu
(a3q® + 2%)°

=4

Summing these, we find

p2s(aq) = 233 {(24angs - iﬁﬁ) + (Sang L~ iﬂ) + - SanaZ 2}
Sqdp (age® + 22) (age® + 22) (age® + 22)
_ 32%(22 — a3q®)  Z* (aq® — 3Z7) n A
(a3® + 2%)" (a3 + 22" (ada® +2%)
S22 di) | 2t (ahe —32°) (ke 4 27) | 72 (o 1 2°)°
o (age?+ 22" (a3q? + 2)" (a3a? + 2)"
 2a3q*Z* = 3d3q?Z% + 28 Z'(ajq® — Z°) (2a5q® — Z7)
o @esnt @er)t

The exchange density is given by

—iq-r —iq-r Z3 —Zr/a Z3 —Zr/2aq Zr
Pex = /dgre 4 ¢1s<7’)¢2s(7’) = /d?’?“e qa wl$€ Zr/ 01 | 73277_@36 Zr/2a0 (2 — ao)
3
__Z /d3re_iq're_'lZ(J(T+g) (2 - ZT) )
\/327ra% ap

again moving to spherical coordinates, we have

ZS 2m 1 0o ) 7
Pex = do d(cos 6 r2dpeiar st =32r/2a0 (o _ 2T
3
vV 3271'(10 0 1 0 ap
3 o0 1
27 / T2dre—3Zr/2a0 (2 o ZT) / d(cose)efiqrcosﬁ
0

324} a0 ) )
_ 273 /oo 2370200 <2 B Zr) 2sin(qr)
V32a3 Jo ao qr
473 [ Z
= / rsin(qr)e*BZ’"/mo 92" ar .
4\/§agq 0 ap

(85)
(86)
(87)

(88)
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Separating the integrals yields

Z3 00 VA 00
ox = ———— | 2 7 sin(gr)e 347/200 _ / r2 sin(gr e_SZT/Q“Odr> 89
0 ﬁagq</o (ar) 2 [ s2sintan (59)
R [ 48a3qZ ] Z | 32a%q(4a*q* —2727) (90)
V2a3q (4a2¢? 4 922)* ap (4022 4 922)°
2zt 48 L 16 (4aq* — 2727) (o1)
V2 \ (4a2@? 4+ 922)? (4a2¢2 4+ 922)°

48 (4a?q* + 92%) + 16 (4a’q* — 2722

_ Vg (Bl 4977 + (C;q ) (92)
(4a2q? +92?)
256a2q>
:n@#<0> 03
(4a2¢2 4 922)° (93)
(94)
Using these results, we have
£A4(2,0.0) = / d3q VA 4me? <Z4(a3q2 — 72) (2a3¢® — Z2)> (05)
R 27)3 anan 212 2 2.2 2\4
(2m) {Zz+(%q)} q (adq® + Z22)

d3q 256a2q> % Are?
Aex(2,0,0 :/ \/§Z4< 0 )’ , 96
( ) (2m)3 (4a2¢2 + 922)* g %0)

with first order energy shifts AE() given by

AEM = Aq(2,0,0) — Pia(5)Aex(2,0,0) (97)

where Pj3(S = 0) is —1 for the spin singlet (2!S) state and Pj2(S = 1) is +1 for the spin triplet
(23S). Note that the direct and exchange integrals are over three components of ¢ but, there is no
angular dependence, so when we switch to spherical coordinates, we can immediately integrate over
the polar and azimuthal angles, yielding a factor of 4:

2 poo o2 a2a? — 72 a2d? — 72
A4(2,0,0) = Z° Eggs /0 (cﬂdq)q—2 (ape 24) (a5q ZQ) 5 (98)
(aga? + 22)" (22 + (%4)°)
_ o Am? % o (2¢7¢%)2%g
Bex(2,0,0) =2 (27T)3/0 (aa) (4a2q? +922)° o

and note that (47)%/(27)% = 2/m. The integrals simplify to

9 o (g2a? — 72) (20242 — 72
2 A4(2,0,0) = 28“0/ (adg ) (2aa ) _ (100)
‘ T (age2+ 22)t (224 (490)°)
a 218a 00 a4 4
2 Aex(2,0,0) = 78 0/ 0 dg (101)
e T Jo (da2q? +922)
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and if we define x = gag, the integrals become

2 222 — 7?2
2 A4(2,0,0) = 2872 / ) 207 27) do (102)
e T Jo (22422 (22 + 1a2)? a0
278 272 (227 -
= / (@ ( < ) 5dz (103)
™ 0 x2_|_ZQ (Z2_|_ IL'Q)
218 o0 4 d 21828 [o8) 4
%Aex(zaovo) =z =0 / - 671; = / : de ’ (104)
e T Jo (422 +972)° ao T Jo (42®+922)
Letting MATHEMATICA handle the integrals:
e ) 2 _ Z2 2 2 Z2 17
/ (@ ) (22 )de: ” (105)
0 (a2 + 22)" (22 + La?) 16227
o x? T
de = 106
/0 (422 +922)0 " 1194393627 (106)
yields the result
2a 2278 17w 34
Z2AL(2 - = - ° _Z= 1
2 Ra20.0) = e = 8 (107)
2a 21978 m 219 32
“% Aex(2,0,0) = - 7= 108
e2 ( ) 7 1194393627 11943936 729 (108)
Using the definition of the Rydberg Ry = €2/2ag, we have
34
A4(2,0,0) = 7Ry (109)
32
Aex(2,0,0) = ——ZRpy , 110
(2,0,0) = o2 7Ry (110)
and for Helium, we have
68
Aa(2,0,0) = = Ry = 114173 eV (111)
Aer(2,0,0) = — Ry = 1.194 112
(2,0,0) = 729RH 94 eV . (112)
The energy of the [1s 2s| states are
68 64
E(2s;5) = — — P, 11
25:) = (-5 & PulS) g ) B (113
so for the “ortho” (spin-triplet, 23S) state, we have
68 64 548
E2s;1)=-5+——— ) Ry = 54— ) Ry = —57.7767 eV 114
(25:1) ( 31 729)H ( +729)H o (114)
and for the “para” (spin-singlet, 2'S) state, we have
676
E(2s;0) = -5+ 29 Ry = —55.3888 eV, (115)
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and we see the symmetric spin states have lower energies (are more tightly bound to the nucleus).
The ground state of neutral helium, ignoring the repulsion of the electrons is Ejjg 1 = —8Rpy =
—108.8 €V, and the unperturbed first excited state is Ejj4 o = —5Ry = —68 eV. Including the
Coulomb repulsion, the energies of the “ortho” and “para” states, are given above. NIST gives the
values of the [1s 2s| states of helium to be

ENST = 166277.4403 cm ™! = 20.6161 eV (116)
ENST = 159855.9745 cm ™! = 19.8199 eV. (117)

using the conversion factor 1 cm™! = 0.000123986 eV. These are measured relative to the ground
state, which is —8Ry = —108.8 eV, (note this is the estimate for neglecting the electrons’ mutual
repulsion, the correct ground state energy is*—78.98 eV) so the energy of these states relative to
the continuum is

para : ENST = 20.6161 — 78.98 eV = —59.3639 eV (118)
ortho : EXST =19.8199 — 78.98 ¢V = —60.1601 eV, (119)

so the first-order perturbation theory results have errors of 6.69% and 3.96% for the [1s 2s] para
and ortho states, respectively.

“Richard Fitzpatrick, “Helium Atom”, http://farside.ph.utexas.edu/teaching/qmech/Quantum/nodel28.html.
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