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1 Shankar 7.3.6.

Consider a particle of mass m in a potential

Lmw?a? x>0
Viz)=1<2 ’ 1
(x) {OO’ . &)

The boundary condition on the wave function is such that ¢(z = 0) = 0. The derivative does
not need to be continuous because the potential is discontinuous and jumps to infinity at x = 0.
The solutions to the whole harmonic oscillator are Gaussians multiplied by a polynomial in . The
normalization factor of any energy eigenfunction is completely determined by two numbers, cq for
even-n states and c; for odd-n states. It is important to note that the Hermite polynomials for
odd-n are odd functions and for even-n, they are even functions. For odd-n states the boundary
condition is always satisfied because odd functions are zero at x = 0. However, for even-n states,
the value of ¢)(x = 0) is completely determined by the normalization constant ¢y. This must be zero
for the wave function to satisfy the boundary condition. If the first even coefficient is zero, then
due to the recursion relation all subsequent even eigenstates must be zero as well. This implies
that the half harmonic oscillator can only have odd-n states. For these states, the form of the
eigenfunction is the same, but the normalization factor must be adjusted to reflect normalization
over 0 < x < oo instead of all z-space. The normalization condition is

(0.9} o0
1= [ lwnoldz =2 [ uoPd @)

—o0 0
because the integrand is not negative anywhere in all space. The new wave function must only differ
from the harmonic oscillator wave function ¥ o by a constant, so the normalization condition for
the half-harmonic oscillator is

o0 o0
1= [ lwmnoPds = [ laPlomolds )
0 0
substituting in the normalization condition for the full harmonic oscillator yields
o o
2 [ WnoPde = o [ uwof*ds 4)
0 0
so that a = V2 and Yo = V2¥ro. The eigenfunctions for the half harmonic oscillator are then
1/4 2 1/2
mw MWL mw
wHHO = \/5 |:7[_}7/22n(n‘)2:| exp |:— on :| H, |:<h> $:| n=13,5... (5)

The new factor attached to the eigenfunction will cancel when plugged into the Schr’/odinger equa-
tion, so the energy spectrum (eigenvalues) will not change. It is the same as the full harmonic
oscillator with only odd-n allowed,

Ep=(n+ %)hw . (6)
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2 Shankar 7.5.4.

The Boltzman formula ‘
P(i)=e P07, (7)

7 — Z e BE() (8)

gives the probability of finding a system in a state ¢ with energy FE(i), when it is in thermal
equilibrium with a reservoir of absolute temperature 7' = 1/8k, with k = 1.4 x 1075 ergs/K; being
Boltzman’s constant. (The ”probability” referred to above is in relation to a classical ensemble of
similar systems and has nothing to do with quantum mechanics.)

where

2.1 Thermal Average of System’s Energy.

The thermal average of the systems energy is given by

E:—;ﬁan. (9)

Plugging in the partition function yields

_ 9 B
E:—%ln [Ze ﬂE()] , (10)

i
using the chain rule to get the derivative gives

. ¢—BE()
[—E(i)]e PO = E(i) o =E@)P() . (11)

1

b= T3 e BEG)

2.2 Classical Oscillator.

Let the system be a classical oscillator. The index 7 is now continuous and corresponds to the
variables z and p describing the state of the oscillator, i.e., i — z,p, and >, — [ [ dadp, and

2
. p L 99
E E =— 4= ) 12
(i) = E(z,p) o + 5w T (12)
With these transformations, the partition function becomes
00 o) 00 00 p2 1
Zyg = / / dx dp e BE@p) — / / dz dp exp |—B— — B=mw?z> (13)
—o0 J —o0 —o0 J —o0 2m 2
B 0 1 5 o (o) p2
= exp | —B=mwz’| dx exp |—fB=—|dp (14)
2 oo 2m

2w 2mm 2w
“Vmgi\V " B (18)

and the thermal average energy becomes

_ 0 1 0 Bw(=27) 1 1
Byg=—Smgy=—— g, =2 b 1
AT T M T T 087 T "o wpr B kT (16)
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2.3 Quantum Oscillator.

The energy of a quantum harmonic oscillator in state n is F, = (n + %)hw Thus the quantum
partition function is

0 ) ) 0 1 0 1
O D SR > T
n=0 n=0 n=0

n=0

where A = exp(8hiw). The final sum converges to 1/(1 — A™1), so the partition function becomes

T = e—ﬁﬁwﬂﬁ = e Pmw/2(] _ =By (18)

The quantum average thermal energy is
Egu = —;ﬁln Zgu = _Ztu;ﬁzqu = _leaaﬁeﬁm/2(1 e (19)
_ _Zlqu :(—hw/2)% + e—ﬁmﬂml (20)
— o [y 4 e )] (21)
[
<t ] =[5+ =)

2.4 Large T Limit.

It is intuitively clear that as the temperature T' increases (and [ = 1/kT decreases) the oscillator
will get more and more excited and eventually (from the correspondence principle) Eg, — E as
T — oco. As B drops the exponential term becomes closer to one, the Taylor series representation
of the exponential, to first order is e* ~ 1 4+ x. This makes the quantum average thermal energy

_ 1 1 Bhw 2
Eyrchw| -4 ——r—— | =hw|—— + ——| , 24
1 2+1+Bhw—1] [26m+26hw] (24)
in the limit T'— oo, 8 — 0, so 2 > Bhw, so the average thermal energy becomes
_ 9 1 _
E,~hw——==-=FE,. 25

Specifically, in this limit ”large 7”7 means T' > hw/k, because in order to expand the exponential,
the argument must be small, which occurs for the condition stated.

2.5 Crystal Structure.

Consider a crystal with Ny atoms, which for small oscillations, is equivalent to 3Ny decoupled
oscillators. The mean thermal energy of the crystal E. . star is Eqy or Eq summed over all the
normal modes. If the oscillators are treated classically, the specific heat per atom is

L a-Ecrysml

Ca(T) = Ny OT

(26)
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The classical energy of the crystal is given by E crysml = 3NyE,, the specific heat per atom,
classically is then,

] i
NoEy = 3k—-T = 3k 2
N06T3 0Eq = 3komT =3k (27)

which is independent of 1" and the parameters of the oscillators and hence the same for all crystals
whose atoms behave as point particles with no internal degrees of freedom. This agrees with
experiment at high temperatures but not as T — 0. Empirically,

3k (T large)
c(T) — {0 T 0 (28)

Ca (T)

When the oscillators are treated quantum mechanically, as Einstein did, and assuming for simplicity
that they all have the same frequencyw, the specific heat per atom is

Cu(T) = ﬁoa—T?)Nohw [2 + eﬁfw—l] 37w8T( -1) (29)
= 3hw [(-1)(&”’” — 1)2}?(42)6%/”] (Z) (30)

B\ 2 elw/kT 0p fr/T
~3(57) e =3#(F) @i o

where 0 = hw/k is called the Einstein temperature and varies from crystal to crystal.

The high temperature limit, T > 0, reduces to the classical specific heat,

Or /T 0p efe/T
1 k — =3k - - )
oot <T> (@1 (T (Fe/T —1)2 (32)
for small 7 = 0 /T, the exponentials can be expanded in a first order Taylor series,

147

3kr?—— =
Ao

=3k(1+7)~3k, (33)

because 7 is negligible compared to one. The high temperature limit of the quantum mechanical
specific heat per atom reduces to the classical value.

The low temperature limit, T' < 0g, so

0\ 2 0s/T 0-\2 eIE/T 0
im 3k(-L) S = _gp (L) C —3k (L) ebe/T, (34)
0p/T>1 T ) (ef5/T —1)2 T ) (ef8/T)2 T
Although Cy,,(T') — 0, the exponential falloff disagrees with the observed C(T') =70 T behavior.
This discrepancy arises from assuming that the frequencies of all normal modes are equal, which

is of course not generally true. [Recall that in the case of two coupled masses we get wr = \/k/m
and wyr = y/3k/m.] This discrepancy was eliminated by Debye.
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3 Problem #3: Matrix Hamiltonians

3.1 Functional Forms of Operators.

Consider the operators A and Af:

d d
— T _
A= ot W (x), A ot W(x) . (35)

For specific forms of W (z), these operators will satisfy the commutation relations for the raising
and lowering operators of the quantum harmonic oscillator. The commutation relation for the
harmonic oscillator raising and lowering operators is [a, an] = 1, so for these operators

AAT = (i + W(x)) (‘i + W(sv)) = —% - W(x)% + %W(x) +W(@)?,  (36)

these are all operators, so the third term is a chain rule. Consider the third term acting on a
function ((x),

d d d
W (2)(2) = (@)W () + W(2)7C(z), (37)
using this operator property, Equation 36 becomes
d d d d d d
AAt = —— — ~ = @ 2__ ¢ @ 2
The other half of the commutator [A, AT] is
d d d d d
ATA = —— — = - - 2
( . + W(a:)) <daz + W(x)) e + W(x)dx de(J:) + W(x)*, (39)
which, using Equation 37, becomes
d d d d d d
AfTA = —— _— - — — — o — 2. 4
The commutator is then
d d d d d
T = _— B 2 — _— 2 = Z— =
[A, AT] < 122 + de(a:) + Wi(x) > < 72 de(x) + Wi(x) ) 2d$W(:c) 1, (41)
so the form of W (x) can be found by solving
1
W)=- = Wa)=<+ta, (42)

where « is an arbitrary constant, which will be set to zero. Now the other commutation relations
can be verified for this for of W (x), [a,a] = [a',a®!] = 0,

d? dz xd 22 d? dz zd 2°

AAl=-—-——-">""+— - —=—+—]=0 43

14,4 < d’x  dx 2 2d:v+4> ( d’x  dr 2 2d:x+4) (43)

d? dz xd 2° d? dr xd 2°
Al A= ——+ S 42— 4| = —+——4+=-——+—1]=0 44
4%, AT (d2x+dx2+2dx+4> <+d2x+dw2+2dw+4) ’ (44)
because all terms cancel identically. The final commutator relations are

[Hy, AT) = AT = [ATA, AT) = AT[4, AT] + [AT, AT]JA = AT(1) + 0 (45)

[Hi, Al = —A=[ATA Al = AT[A, A + [AT, AJA=0+ (-1)A , (46)

using the commutator identity [AB,C] = A[B,C| + [A, C]B. Therefore all commutation relations
for the harmonic oscillator raising and lowering operators are satisfied by this form of W (z).
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3.2 First Hamiltonian.

Now consider the Hamiltonian H; = ATA, assume a ground state 1(z) exists. Acting on this state
with the lowering operator A, will give zero,

8

Ao =0 = (£ +3) ) =0 = Suna) = ~Sva(e) (47)

For the derivative of a function to equal itself times a polynomial, solutions should be exponentials
of polynomials. Since there is only a linear term in x, there must only be an z? term in the
exponential. To get the factors of 2 to work out the ground state must be

Po(z) = Ce /4 (48)

where C' is a constant that can be determined through normalization. The normalization condition
is

[e.e] oo
= / [too(x)Pdz = |C? / e dz = |C*Vor, (49)
—0o0 — 0o
so the complete ground state wave function is

Yo(r) = (27T1)1/4€_m2/4 : (50)

The energy of this state can be found by acting the Hamiltonian on the state,

d d
Hilon) = loh = (=043 ) (543 ) 1ow) = 567 o) (51)

the left hand side is
d T d e ®/4 x e®/4 d T r eT/4 r e®/4
L s +2 =(-—+2} -3 +2 =0, (52)
de  2) \dz(2m)/% 2 (27)1/4 de = 2 2 (2m)l/4 2 (2m)l/4

which means that Eél) = 0. For higher energy eigenstates, the relationship is Hj |¢y,) = E,(Ll) [tn),
but from the commutator relations, [Hy, A] = H1A — AH; = — A, so that

H A Wn> =-A Wn> + AHy |¢n> = H1A Wﬂ) =-4 Wﬂ) + A(Eﬁzl)) Wn> (53)
= (B = 1) Alghn) (54)

which corresponds to a state with a lower energy, by a value 1. The energy of the ground state
is zero, and A |[¢1) — |¢o), so (Eél) —1) =0, or EY = 1. Generalizing this to higher energy

eigenstates, ET(LI) =n.

The remaining eigenstates can be found by acting A’ on the ground, and subsequent states. Acting
AT on the ground state n times will result in the functional form of v, (), up to a normalization
factor. Consider the action of a on a state |n) of the harmonic oscillator

a'ln)y =vVn+1n+1), (55)
and according to Shankar Equation 7.4.35, the action of af, n times on the ground state is

(ah)[0) = Vnl|n) . (56)
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Therefore, with the operator Af, and the ground state |1)g), any eigenstate can be found using the

formula
1

|Yn) = ﬁw o) - (57)

This gives the Schrodinger equation to be

Hi|Yn) =n|tp), n=0,1,2,3... (58)
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3.3 Second Hamiltonian.

This process can be repeated for a second Hamiltonian,
Hy=AA"=1+H, , (59)
which can be shown through the commutator relation
[A, AT = AAT —ATA=Hy — H =1 (60)
To find the eigenstates of Ha, consider the commutator
[Hy, Ho) = [ATA, AAT) = ATAAAT — AATATA | (61)
so from Equation 60, this becomes
[Hy, Hy] = ATA(1 + ATA) — (14 ATA)ATA = ATA+ (ATA)? — ATA — (ATA)2 =0, (62)

and therefore H; and Hy have the same eigenstates (because their commutator is zero). The
eigenvalues of Hy are related to those of Hi by

Hy|¢y) = EQ [¢n) = (Hy+1)|¢n) = EQ [¢n) = Hi|n) = (EP - 1) [¢n) ,  (63)

SO E,(LQ) =1+ Er(Ll) = n + 1. Therefore the n state of Hy has the same energy as the (n — 1)th
state of Hi. This gives the Schrodinger equation to be

Hy ) =n+1|¢p), n=0,1,2,3... (64)

3.4 Action of A and Af.

Now would be a good time to stop and compute the action of the operators on a state |i);,). First
consider the action of A, the lowering operator: A |¢,) = B, |¢y—1). To find B, each side can be
multiplied by its complex conjugate (note that if x = y then z* = y*),

|Bl? ($n—1|tn—1) = (¢n] ATAJn) = (| Hn[thn) (65)

so that B, = y/n by noting that the inner product of an eigenstate with itself is one. Now consider
the action of Af, the raising operator: Af [4,) = C,, |tns1). To find C,,, each side can be multiplied
by its complex conjugate,

|Cnl? (nt1|thni1) = (Pn AAT|,) = (| Halthn) (66)
so that C,, = v/n + 1. This gives the actions for A and A':
A |wn> = \/ﬁ |¢n71> (67)
Atn) = V41 [9nr1) (68)
(69)
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3.5 Third Hamiltonian.

Now consider the Hamiltonian

_[ATA 0] [Hi 0
H‘{o AA*}_[O HJ’ (70)

whose eigenstates can be determined from the eigenstates of H; and Hs. The Schrodinger equation

oo = [2 )<

but for the eigenstates of H; and Hs to both have the same energy €, they must be the eigenstates
found before, but one energy level apart from each other (according to the relation in the last line
of section 2.3). This makes the Schrodinger equation

says

Hy 0 |¢n+1>] _ [|¢n+1>] _ |:|¢n+l>:|
5w )= ] = e ] (72
This lets the eigenstates of this Hamiltonian be defined as
In) = quﬂzﬁﬂ with energy e, =n+1. (73)
3.6 (@ Operators.
Consider the operators ) ;
A
Qz[z X sz[g O], (74)
with [H, Q] = 0 and [H, Q] = 0. The action of Q on the eigenstates of H is
_[oo |7/}n+1>-:[ 0 ]: [0]
o =[3 o] "] = [awin) =7 ] )
and similarly for QF,
T T
O S el

Clearly these operators do not raise or lower the |¢) states in |n), but do destroy one of the
components of |n). Now, consider the repeated action of @ and Q' on a state |n),

T

aiom = [g o | vt ] =var [T e [ (7%)
Q@i = | o vt [P < v |yl =[] )
Q' = [y 4] vaFt M| v [ (50)
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From this, repeated action of the same operator on a state |n) destroys the state and results in zero.
However, alternating actions of Q and Q' flips the state of the previous action and adds a factor
of v/n + 1. Therefore no matter how many alternating actions of either operator are performed on
a state |n), the only states that can result are

Ll/?n>:| or [wnouq (81)

times a factor of (n + 1)%/#) where k is an integer that denotes how many times the alternating
actions of Q and QT were performed. The matrix elements of Q can be calculated:

k/2

|¥n)
=Vt 1 (Wm|tn) = Vi + Lo , (83)

where 0,,,, is the Kronecker delta function. This implies that () is a diagonal matrix in the basis
for which H is diagonal. Similarly, for Q1:

miQl) = (il @l [ o] [4550] = C@mirt v 1| )] 2

|thn)
=V + 1 ¥mr1[Yns1) = Vit 10m, - (85)

i) = Wl ) [§ 5| [M52Y] = ot b1 V)] s

The matrix elements of @ and QT were calculated for the {|n)} basis (eigenbasis of H) and are
only nonzero for matrix indeces m = n. Therefore in this basis, both matrices are diagonal, so
the eigenvalues of these matrices are the values of the diagonal entries. The eigenvalues are then

vn+1forn=0,1,2,3,....

Additionally, it can be noted the sum of these operators is

w4 ll-wmlig]

and taking the square of the sum,

—H. (87)

0 Ao AT ATA 0
(QJFQT)Q:[A 0} A o}:[o AAT}
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