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Dylan J. Temples Particle Physics : Tully Solutions

1 Tully 2.1.

Calculate dx/dt separately for the nonrelativistic Hamiltonian E= p? /2m and for the Dirac Hamil-
tonian K = o - p + Bm.

Heisenberg’s equation of motion tells us

d - A1 00

—0 =3 [ H,O] —, 1

at- ! o )
in natural units. If the operator is not an explicit function of time, the second term on the right-
hand side of the above equation vanishes, and calculating the time rate of change of an operator
becomes an excercise of calculating commutators with the Hamiltonian H.

In the case of the nonrelativistic Hamiltonian, we have:

X ilis] = opx = bl @

Using identities for commutators, we can express this as

dx 7 A
GE - o %, p]p+P[X D]} . (3)

dx 1 (ip + pi
— =——{3 1} =
de 2m PP

2o

: (4)

which we expect from a classical point of view: momentum and velocity (dx/dt) differ only by a
factor of the particle’s mass.

Things are slightly more difficult with Dirac’s Hamiltonian:

If we set! [or, %] = [8,%] = 0, we have

dx

4 = iakp) =i(-ia)=a, (6)

which is in agreement with Tully equation 2.19.

! Here I will argue that the commutators of the parameters o and 8 with the position and momentum operators
are all zero. Let us work in the position-space basis: X = X and p = —iV. The components of a and  are the
Pauli matrices o and two-dimensional identities 12, which are all constants (of varying signs). For the commutators
with the momentum operator, it is easy to see that taking a derivative then multiplying by a constant is the same as
multiplying by a constant and taking a derivative, and thus the commutators must be zero. Similarly, the position
operator must commute with the identity, regardless of sign, and therefore [3,%] = 0. Additionally, the Pauli matrices
only act on spin-state vectors, not position-state vectors, and therefore [a, %] = 0.
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2 Tully 2.4.

Show that dIAJ/dt = a X p and that %dE/dt = —a x p for a free Dirac particle.

From the definition of the angular momentum, L = X X p, and equation 1, we see

d - . A . non . A
szz'[a-p—{—ﬁm,xxp]:z[a-p,xxp]—l—zm[ﬁ,xxp}. (7)

Let us investigate the first term:
[ p,x x p] = a[p,X] X p+ a - Z[p,p] + [, X]p X p + X x [, PP , (8)

and we can note the middle two terms vanish trivially, and the final term vanishes by the argument
presented in footnote 1, yielding

[oc- P, x X p] = (—i)a x P . (9)

By the same argument used above, the second term in equation 7 vanishes because it is the sum
of terms proportional to commutators of 8 with position and momentum. Therefore, we can insert
these results into Heisenberg’s equation to obtain:

—L=i(-il)axp=axp, (10)
our desired result.
The total angular momentum,

J=L+:3, (11)

N =

is a constant of motion, and as such we require:

d. d, 1d
—J=—L4+-—-3= 12
dtJ dt +2dt 0, (12)

yielding the condition

1d d .

——¥Y=——L=—(axp 13
using the previous result. If this is unsatisfactory to you, it can be calculated directly using the
Heisenberg equation of motion and the explicit forms of ¥ and «:

1d 1 . 1
s = g Bt fml=o

_ [ %k 0 o 0 o N 1o 0
e ) e ().

we should also note the (anti) commutator relations for the Pauli matrices:

{[Ek, aipjdij] +m [Zg, 8]} (14)

where

[O’i,O'j] = QiEiijk s {O’i,O'j} =0 s O'iO'j = iEiijk . (16)
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First, we compute:

== (5 0 ) (% ) =0. (17)

so the second term vanishes. The first term is proportional to
(X, aipjdij] = pidij [Sg, el (18)

because the Pauli matrices do not effect the momentum operator. Inserting the explicit represen-
tations, we have

0 OLO; — 040
[Ek, aip;dij] = p;oi; ( F 0 k) ; (19)

O0; — 00

from here, we have two routes: using the commutator, or using the anti-commutator. I will do
both, starting with the latter:

0 oo 0 1€k 07 .
(S, aipjdis] = 2p;0s <Ukai 0 ’) = 2p;6ij <Z~€ w0 0 J> = 2ip;dijerizay ,  (20)
SO
1d 1 . .
YT Z%pjéijfkijaj = Pi€kijj = — X P, (21)

as expected. We now return to equation 19 and use the commutator:

0 , 0% 0 2i€x;i0; )
(S, cipjdis] = p;jdi; <[ [Ukoa ]) = Pjdij ( ekoj 7 > = 2ipjdijerijey ,  (22)

Ok, 04 2iegijo;

and then we obtain the same result. (Compare this final expression to equation 21 to see they are
equivalent. )
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3 Tully 2.5.
Show that da/dt = —2(3 x p) — i2maf.

Again, Heisenberg’s equation of motion tells us

%a =ila-p+ Pm,a] =ila-p,a] +im[f, a] = —i[a, o - p| +im[f, a] (23)

using our previous result. First, we investigate the second term:

8, a] = Ba —af, (24)
but a and § anticommute (Tully equation 2.8), so a8 = —fa, and thus:
[B,0] = —af —af = -2af (25)
so we have
d , . .
FTa —ila, o - p| — 2imaf . (26)

The first term (of the right-most expression) in equation 23 is, component-wise, proportional to

) ) ) . ) ] 1 ) [O'Z',O'j] 0 o ) 2i5ijkgk O

[, ajprdji] = Prdjk|a, o] = projk ( 0 ) = prljk 0 diesinon (27)
= 20pp0 k€ijk Sk = 2ipj€ijn2k (28)

therefore:

2
[, p]|=2ipx X =-2Xxp=-Xxp, (29)
i

and inserting this result into equation 26 yields the result:

2
%a =—i-X X p—2imaf =—-2(2 x p)—i2map . (30)
i
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4 Tully 2.8.
Show that v (p) = (i8a?) [u® (p)]*

First, we will investigate the quantity:

n2  .(1a O 0 o\ ./ 0 o\ -1
ifa _Z<0 12> (02 0)""\=02 0)7| -1 ’ (31

1

and it is clear the action of this flips a four-component column vector and negates the middle two
components. Using the explicit representation of u(? (p) (Tully 2.56) this is

1 0
. * —1 1
(Zﬂaz) |:’U,(2) (p)] = 1 (101 + po)/(E + m) s (32)
1 —p3/(E +m)

having taken the complex conjugate. Carrying out the multiplication yields

—p3/(E +m)

(iBa) [u? (p)] = | TP TP EEI o) (33)

0

from comparison with Tully 2.60.
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5 Tully 2.11.

Show that the matrix representation of the Lorentz group proposed by Dirac, S* = ﬁ[y“,y”],
satisfies the commutation relations (Tully 2.94)

[SHY, §P7] = i (g"P.SHT — gHPSVT — grTSHP 4 ghT SV (34)

Sol.
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6 Tully 2.17.

Show that in the Weyl representation W (iv*9, —m)¥ = f‘i&“@lf + nTiU"@Mn —m(&fn+nT€) where
& and n are left- and right- handed chirality two-component spinors.

Using ¥ = W40, the Dirac Lagrangian becomes

U(in"0) — m)¥ = Ul (ir°4#9, — my*) W (35)
where
n n— (1
= <_0 o > Cowith {0 Tz (36)

We can then identify 8 =+, and

0 1 0 o# ot 0
O 0 — 2 —
T <]12 o)(&u 0) <0 J“) ’ (37)
so the spatial components give us
. ot 0 .

Py = ( 0 Z> =a', (38)
in the Weyl representation. If we define o’ = 14, then we have o = 7%9#, so the Dirac Lagrangian
becomes

(i), — m)¥ = Viakd, U — U1 pmv | (39)

where
U= <7€7> , so Ul = (fT 77*) . (40)

We can investigate the first term:

50 (9 740
one=ie o (- 0§ 2)E)-¢ M) W
= 160,86 + 0o Oum (42)

and the second:

wov=(e ) (y ¢) (5) = o (7)=en+iic. (43)

Using these, we have the result:

T (iy"d, — m)¥ = £1ia"d,¢ + nliotd,n — m(ETn +nl€) . (44)
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7 Tully 2.18.

Given an explicit form for the charge-conjugation operator C' in the Weyl representation, compute
Clu™(p)]* and C[u® (p)]* explicitly using the matrix representation for C' and the column-vector
Weyl solutions for u(l)(p) and u® (p).

In the Weyl representation, the charge conjugation operator is

00 o0 1
o {0 M\ (=0 0\ _ (0 %\ [0 0 -1 0
i _l<12 0)V o0 o) " "\=0o 0) [0 -1 0 0] (45)
1 0 0 0

which simply flips the component order of the 4-component spinor and negates the central two
components. We begin with the Dirac equation, with ¥ = (x, ¢), where x, ¢ are 2-component

spinors:
p() e ()= (9" ) ()o@ 0 6) - o

yielding the following coupled equations:

Ex=—(o-p)x +m¢ (47)
E¢=(o-p)op+mx, (48)
slight rearrangement yields
1
=— (Els—0o- 49
x=_(Elz—0o-p)d (49)
1
¢p=—(Ela+o-p)Xx . (50)
m
The helicity operator is
o 0 1 0 —2 1 0 o p3 P1— ipg
o-p= (1 0>p1+<z. 0)p2+<0 _1>p3— (pl—i—z'pg s ) (51)
SO
L (E-p3s -p1+ ip2>
= = , 52
X m(—pl—wz E + ps3 ¢ (52)
L (E+ps p —ip2>
= — . . 53
¢ m<p1+zp2 E—p3 )X (53)

We can now write the particle spinors as

) x )
ul®) (p) = (;(s)> =1 (E+ps pr—ip2\ (5] > (54)
m\py+ips E—ps )X

where the condition on () is

X(S)TX(T) = 57‘8 y (55)
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so we make the choice:

m_ (1 @ _ (0

so we have the spinors (and their conjugates)

1 1
W) () — 0 (1) (\]* — 0
u’(p) (E + p3)/m = [u(p)] (E + ps)/m
(p1 +ip2)/m (p1 —ip2)/m
0 0
@) (p) — 1 o WD () = 1
v () (p1 —ip2)/m )] (p1 +ip2)/m
(E —ps3)/m (E —ps)/m
Acting the charge conjugation operator on these spinors yields
0 0 0 1 1 (p1 —ip2)/m
. « 0 0 -1 0 0 —(E+ m
o) =il = | ¢ 20 ol (g Y
1 0 0/ \(p1—ip2)/m 1
0 0 0 1 0 (E —p3)/m
.. . 0 0 -1 0 1 —(p1 + ip2)/m
@) =i5u®® = {0 0 o iy | = |
1 0 0 0/ \(E—ps)/m 0
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